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To the Reverend :: - 
M. John Harris A.M. 
AND 


Fellow of the Royal Saciet). 
SIR, 


- duced into Phylica 
Speculations, and Men have 
begun to ſee thro' the em- 
pty Jargon of the Schools, to 
diſtinguith betwixt Chyme- 
ra's and Solid Knowledge, 
Learning has received vaſt 


[mprovments : And ! may 
A 2 venture 


INCE Mathema- 
8 ticks hath been intro. 


DEDICATION |- 


venture to fay, that you by 
your late excellent Work 
with which you have obliged 
the World, have done more 
Service to true Philoſophy, 
and uſeful Learning, than 
any one ſingle Perſon be. 
ſides; for thoſe many and 
great Advances which have 
been made within this laſt 
Century, in particular parts 
of Learning, you have with 
great Improvments and good 
advantage brought into one 
view, and under the modeſt 


title of Lexicon Technicum, 


have given us a compleat 


body of Science. Nor 


|' DEDICATION. 
Nor is your Goodneſs 
leſs conſpicuous then your 
other Qualifications, your 
generous Converſation and 
diſintereſted ſincere Friend- 
ſhip, makes you eſteemed 
and beloved by all thoſe who 
have had the happineſs of 


your more intimate acquain- 
tance; and ] am ſure I may 


with better reaſon ſay of 
you, what that great General 
Alexander did of his Maſter 
Ariſtotle: that my Being in- 
deed is a Debt due to my Pa- 
rents, but my well Being is 
entirely owing to you. 


A 3 Be 


— —— 


DE DIC AT ION. 


Be pleaſed, Sir, to accept 


with your wonted goodnels, 
this ſmall preſent which 1 
here make you, and look up- 
on it as a mark of that juſt 
Eſteem and Reguard | have 
for my beſt Friend. I own it 
is yours by Right, for twas 
you that Engaged me in it, 
and have ſince Reviſed the 
Sheets as they came from 
the Preſs. 

I need not ſay any thing 
of the Author 1 have here 
Tranſlated; for your putting 
me upon it ſufficiently ſhows 
the value of the ona 


"DEDICATION. 
and your Correcting the 
Sheets, in my Abſence, will, 
I hope, in ſome meaſure re- 
commend the Performance. 
May you Live long and 
happily, for the ſervice of 
the Church and your Coun- 
try, the Encouragment of 
good Letters, and the Or- 


nament of the Mathema- 
ticks; which is wiſhed by 


none more earneſtly than 


by, 
SIX, 


Tour moſt Obedient 
and Humble Servant, 


B. ROBINSON. 
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The Authors 
PREFACE 


& O ME Years ago I Publiſhed 
#F a Treatiſe of Conick Fections in 


a new Method, and Demonſtrated 
their Principal Properties from the 


Cone: But ſuch as had not been ſuf- 
ficiently enured to Demonſtrations about 
the Interſeftions of Planes and Solids, 
found it difficult to underſtand them, 
tho' they were very Simple and Plain 
When once comprehended. This put 
me upon ſeeking out another Method, 


whereby, without making ufe of the 
Cone, 


— ¶ nem — —— ————— 


PREFACE. 

Cone, and by only drawing (1114s 

Lines upon 4 Plane, I m'ght ens 

ſtrate the ſame Properties of the ( 

Sections: And after having trzed that 

Method as being the moſt Simple and 

eaſie of all others, I laid it aſide at laſt 

not being able to Surmount at that time 

| all the difficulties which occurred. But 

T was ſatisfied with having reduced the 

Conick Sections to a Plain, which I 

called Plane Conicks; and 1 applied 

to thoſe Plain Sections the ſame De- 

monſtrations which J had before made 

for the Solid. And I can ſay, that 

That Work had the good fortune to 

have the Approbation of many Learned 
Geometers. 

But alt ho it be very Adventitiahi 

to pleaſe the Learned, yet we "ew 

5 
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The Author's 


by no means to make that the Sole 
Object and Mitimate End of our Stu- 
dies, and to neglect the Inſtruftion of 
thoſe that are deſirous to underſtand 
things of this Nature; aud 1 think 
here ought to be contented when they 
are ſhewed ſeveral ways of doing the 
ſame thing ; for then every one may 
make choice of that which he likes beſt. 
Without ftaying 10 give you an 
Enumeration of ſuch Authors as have 
Written well on this Science, or ſhew- 
ing you the different Methods of De- 
ſcribing theſe Curves uſed by them; J 
ſhall only inſiſt on the difference that 
there is between my Method, and that 
of Mr. de. Witt, which hathbeen juſt- 
ly thou? bt the beſt. 
He makes uſe of a particular Me- 
thod 


p RE FACE. 


thod for the Deſcription of each Se- 
tion, and which, eſpecially in the Pa- 
rabola and Hyperbola,  embaraſ- 
ſed with many Lines, interſecting one 
onother in. certain Angles; by which 
means tis difficult at firſt for the Lear- 
ner to get a clear and plain Idea of the 
Formation of theſe Curves ; whereas 
the Deſcription that I uſe, and which 
is taken from the Principal Properties 
of the Foci, hath nothing for its Rule 
but one ſingle Line, which in the Ellip- 
ſis is equal to the Sum, in the Hyper- 
bola is equal to the difference of two 
other Lines drawn from the Foci to 
4 point in the Curve deſcribed : And 
in the Parabola, the ſum and diffe. 
rente are found together; for beſides 
its Focus Which is determined in the 


Axis 


: 

lf 
: 
: 


The Author's 
Axis, if you ſuppoſe alſo another in 
the Axis at an Infinite Diſtance, with- 
in the Parabola below, tis evident 
that the ſum of theſe Lines which ſhall 
be drawn frem any point in the Curve 
of the Parabola, to thoſe two Foci, 
ſhall by equal to one and the ſame Line 
drawn from the Tafinitely Diſtant Fo- 
cus to a Line, which being perpendi- 
cular to the Axis, ſhall meet it in a 
point which is as far diſtant from the Ig 
eonevtirſe- of the Parabola as the Fo- | 


cus hath-determined. 
And if you ſuppoſe another bom 


Irfinitely Diſtant in the Axis above, 
without the Parabola, tis alſo evi- 
dent, that the Difference of two Lines 
drann from any Point in the Curve of 


the Parabola, to that Indetermined Fo- 
cus 


'__ PREFACE. 7 
cus, and to the other determined one || 
ſhall be equal always to one and the | 


ſame Line. 

Theſe are the Properties, and theſe 
are of very great uſe in Geometry, 
eſpecially m Catoptricks, Dioptricks 
and Aſtronomy. 

I Believe Mr. de-Witt would not 
have uſed ſo compounded a Method 
for the Deſcription of theſe Curves, had 
he not thought that the Demonſtrations 
Would have been more eaſie and Sim- 
ple on that account : Which he could 
not bring to paſs in the Ellipſis, when 
be endeavoured to Demonſtrate the Pro- 
perties of the Diameters. The De- 
monſtration which I have given you, © 
bath ſome Conformity with that of 
the Antients, but tis much more ſun- 


ple and Plain. This | 
| 


The Author's 


This Book contains all the Elemen- 
tary Properties of the Conick Sections, 
and there is no mage Geometry required, 


than to underſtand thro'ly the firſt Siz 
Books of Euclide's Elements ; or the 


Subſtance of what is contained in them, 
as it hath been demonſtrated divers 
ways by many Learned Geometers. 1 
have by no means changed the Names 
which Apollonius gave 70 the Curves, 
both becauſe cuſtom hath familiarized 
- them to us, and alſo becauſe I have 
demonſtrated in their order, the Pro- 
pertics on which they depend. The 
Parabola rakes its Name from the 
Equality, that there is between the 
Squares of the Ordinates to the Dia- 
meter, and the Rectangles under the 
Parameter and the Abſciſſæ: 4s 1 


have 
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" PREFACE. 


have demonſtrated in the 1. Corollarie of 
the firſt Propoſition, and in the 14 of 
the Parabola. 2 

The Ellipfis is ſo called becanſe the 
Kectangles under the Parameter and 
the Abſeiſſa or the Parts of the Dia- 
meter mtercepted between the Verteæ 
and the ſeveral Ordinates, are leſſer 
than the Squares of ſuch Ordinates, 
by a  ReFangle fimilar to theſe Re- 
angles. As F have ſhened in the 
5 and 18 Propoſetions about the Fllip- 
ſis. In the Hyperbola the aforeſaid 
Rectangle under the Parameter and 
the Abſciſſa exceeds the Squares of the 
ſeveral Ordinates, by a ſimilar Re- 
Ctangle, &c. as 1 have demonſtrated 
in the 3 and 22 Propoſitions of the 
Hhperbola. | 
ou 


The Author's 

You will find in this Treatiſe, the 
moſt uſeful Part of the Firſt Book of 
Apollonius; The Properties of the 
Aſſymptotes, which be delivers in his 
Second Book, and the firſt Propoſi. 
tions of the third, and thoſe about the. 
Foci: Which are the moſt cafe 
rable. 
As to the Proportions which I make 
uſe of; cite only Compoſition, 
Diviſion and Equality of Ratio's; 
becauſe 1 ſuppoſe my Reader knows 


how. to change Alternately, or to 


Invert or Convert the Terms of 


4 Proportionals, &c. 


1 
TREATISE 
Conick Sectious. 
PARABOLA 


The Generatiori of the 
Bo 71 RABOLA. 


If 4 ri Sv Line 4 AD hinges; 4 
Plas, and 4 Point as F be taten 
without this Line; I ſay, an infinite 
Number of Points 4s P, P, P, may 
be found in ſuch an Order, that the 
Eine Ff draus from the Point F 

8 each 


r 


(2). 
each Point P, (ball be equal to PA, 


Lamm from the ſame Point P perpen- 
dicular to AD, 


Rom ally point at pleaſure in 
the Line AD ( ſuppoſe A) ha- 
viug Uratyn AP perpendictiar to 
A D, and likewiſe the Line FA; 


make the Angle AFP equal to the Angle 


F AP, and the point P will be one of the 
points requir d: and after theſame manner | 


an infinite Number of others may be found. f 


. 41 CIOR© ELARY. ——_ 
hre) the point Fhaving drawnthe\Line 


ITT? 


* — 


(3) 
P P (the Lite which paſſes through the 
points P, P. biſſects FD! in T, and that the 
Line PP T increaſeth infinitely, and like- 


wiſe runs off infinitely from the Line FB 


produc'd down towards the part F. 
DEFINITIO N I. 


The Curve Line P, P, T, form'd by. be-. 


ing drawn through the points P, P, is 
call'd a Parabola. 


DE FIN. Il. 


The point T is call'd the Vertex, and the - 


point F the Focus of that Parabola. 

DEF IN. 1I. | 

The Line DFO the Ax, and any part 
of it as OT, hing between the Vertex Ga 
any point, as O, # call d the Abſciſſa. 


DE FIN. 


The Line PO drawn _ any of the 
points P of the Parabola, perpendicular to 


the Axis, is call'd an Ordinare to the Uni; 


| 
i 


( 4 ) 
| DEFIN. V. 
All the Lines within the Parabola, which 
are drawn parallel to the Ari are call'd- 


Diameter. 
"DEFIN- VI -- 
A right Line which meets the Parabola 
only in one point, and which does not cut 
It, is call d a Tangent to it in that point. 


P R OP. I. 


| The preceding Generation of the Para- 
bola being ſuppos'd: I ſay, the Square 
of any Ordinate as, PO, is equal to a 
Rectangle under twice the Line FD 
multiph d into T O that part of the 
Axis which is contain d between the 
Vertex T, and O the point where it 
meets the Ordinate. 


Let Td = == 4, N FD will be 
= 245 and let FO=b:DO = AP = 
FP by the Generation of the Parabola, and 
D@g=FPg, but-FPq = POq + bb, 
and 507 4. + 446 + bb; there- 
M 


— — eden 
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50 


fore POq +bb =4aa 42 l +bb, 
and taking away bb from both ſides-of the 
Equation , there remains POg = 444 
+ 4b, but 422 +4ab =2FDx OT, 
thereforePOq =2FDx OT. W. W. D. 


COROL. I. 


It is evident from the foregoing Prop. 
that the Square of each Ordinate is equal 
to a Rectangle, under a Line, which is the 
double of FD, and conſequently an inva- 
riable Quantity, and TO the Abſciſſa, or 
that part of the Axis intercepted hetween 


the Vertex T and O the Foot of the Or- 


dinate. 
DEFINITION. 


The Line equal to 2 F D is call 'd the Pa- 
rameter of the Axa, and by ſome the Lata 


Rectum. 
| COROQLI1L 


It is evident that the He is Diſtant 


from the extremity of the Axis, or Vertex 


z part of the Parameter. 


COROL. II. 


It is likewiſe evident, that the Squares of 
the Ordinates are to one another, as their 


B 3 re- 
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(59 
reſpective Alſeiſſæ, or the parts of the Axn, 


'comprehended between the Venter, and 
-thoſe points where each of em meets its 


reſpective Ordinate, for all of them are 


equal to Rectangles, whoſe Baſes are thoſe 


Abſciſſæ, and whoſe common Altitude is the 
Parameter; but Red angles of the ſame or equal 
Altitudes are as their Baſes. 


PROP. It. 


Phe. right Line IT 8, drawn 4 the 


point T, parallel to P O, touches the 
Parabola ix the ſame point T. 


1. If it be poſſible let the Line T'S 
(See Fig. in page 2.) meet the Parabole in 
any other point as S; then having drawn 
S parallel to the Axis, FS = $a. by the 
Generation; wherefore FS = FT, (becauſe 
ET, TD, and 8 are equal) which: is 
Abſurd: For in the Right Angled Triangle 
FTS, the ſide ES which, ſubtends the 
Right Angle is greater than either of the 
be ſides. | 


29. It | 


(2) 


2h. It is ſtill leſs poſſible that T'S ſhould 
ever fall within the Parabola, for then the 
Parabola would fall between Da and T 8, 
which is impoſſible from the Generation : 
Therefore the Propoſition 1s true. 


PROP. III. 


The ſame things being ſuppos'd as before; 
I ſay, that a Diameter, as PI can 
meet the Parabola only in one paint P. 


8 
| 


D 
'T* 


(3) 

Suppoſe the Diameter meet the Parabola 
in another point as I, the Line I F will be 
= I A from the Generation, but PF =P A 
for the ſame Reaſon ; wherefore P F + PI 
will be = IF, which is Abſurd ; for any 
two ſides of a Triangle taken together are 


greater than the third, wherefore the Pro- 
poſgion 1 is true. 


PROP. IV. 


The ſame things being ſtill ſupposd as 
above, draw the Line FA, and ha- 
wing biſſected it in E, draw PE. I 
ſay, the right Line P E touches the 
Parabola in the point P only. 


1, Let any other point as p, (See Fig. p.7.) 
be aſſign'd, where the Tangent P E may be 
ſaid to meet the Curve: *Tis eaſie to ſhew 
that Suppoſition to be Impoſſible or Abſurd. 
For, drawing p F to the Focus, and p à pa- 
rallel to the Ax, the Line p E is perpen- 
dicular to the Baſe of the Iſoſceles Trian- 
Ele F 7 A ſince it biſſects it in E: Where- 

87770 Tr fore 


'(9) 
fore A p and Fpareequal ; but ap = toFp 
from the Generation of the Parabola, there- 
fore ap will be = Ap, which is Abſurd: 
For the Angle pa A is a Right one; there- 
fore the Line PE does notmeet the Pa- 
rabola in the point P. 


2. Again, if it be poſſible let the Parabo- 
la below the point P, fall without the Line 
E PL with reſpect to the Axis, that is, 
let the part PL, of the Line EPL be al- 
ways within the Parabola. From any one of 
the points as S of the ſuppos'd Parabola lying 
without the Line LP, having drawn 8 F 
to the Focus, and S V parallel to the Axx 
by the Generation of the Parabola, SF = 
SV; but S A is greater than S8 V, the An- 
gle S VA being a right One; therefore 
SA is greater than S F, which is Abſurd : 
For the Line E L biſſects AF, and is per- 
pendicular to it, and likewiſe paſſes through 
tbe point S, wherefore 8 A and S F will be 
equal. Therefore it is evident, that S is not 
one of the points of the Parabola, and con- 
ſequently that the Propoſition is true. 


C OR- 


* - 
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COROLLARY. 
It is evident, that the Angle FG E, made 
by the Tangent PG and the Ax, is equal 
to the Angle F AD, which is equal to the 


Angle APE or FP E; fer the two Tri- 


angles FG E, F AD are Right angled at E. 
and D, and have the Angle at F common ; 

likewiſe the Angle at the point A of the 

Triangle PA E is equal to the Angle AF D, 

by reaſon of the parallel Lines PA, FD, 
and the Triangle FPE is equal and fimilar 

to the Triangle APE. lt is allo manifeſt, 

chat the Friangle P FG is an Iſaſceles one. 


PROP. V. 


There can be but one Line, s PEG, 
which touches the Parabola in the ſame 
point P, and doth not cut it. 


Suppoſe it poſſible for another Tangent 
as Po to town It in the ſame point. From 
the Focus F having drawn Fa perpendicular 
to Pp, Fa will meet AD in ſome point as a: 
For the Tangent Pg always meets the Ax- 

a 8 ＋ 


* 


is, and can never be parallel to it, for then it 
would be a Diameter, and would paſs with- 
in the Parabola: Having drawn 4p parallel 
to the Axis, and ſothat'it meets the Parabo- 
la in p, pF will be equal to p a, by the Ge- 
nerat ion of the Parabola: and F a being biſſect- 
ed ine, the right Line pe M will touch the 
Parabola in p, and will be parallel to Pg, by 
the precedent Propoſition,being each of em perpen- 
dicular to Fa: But the Tangent PE meets 
the other Tangent pe without the Parabola, 
ſince both of em are Tangents ; wherefore 
Pg parallel to pe will paſs within the Para- 


lola which i. is Abſurd; for it was ſuppos d a 
Tan- 


— —— —' — — 


( I2 ) 
Tangent, and conſequently ought to be 
without : Therefore the propoſition is true. 


COROLLARY. 


"Tis evident from what has been demon- 
ſtrated that all the Tangents meet both 
the Axis, and alſo all the Diameters , 
and that they likewiſe meet one another, 
ſince by the 4th * they are not 
Parallel. 


FR O-P.- V. 


To find à Tangent, which on the ſame ſide 
with the Parabola and the Tangent, 
males an Angle with the Axis leſs than 
any given Angle; provided the Angle 
given be not greater than a Right one. 


Let the Line Fa be drawn fo, that the 
Angle FD may be equal to the Angle gi- 
ven; then take the point A, on the other 
ſide of a, with regard to the Axis: I ſay, It 
is evident, that the Angle FA D will be 
leſs then the given Angle FA D; and (by 
Cor. Prop. 4.) the. Line PE G drawn through 
the 


the point P, (where the Line AP parallel 
to the Axis meets the Parabola) and the 
point E (which biſſects FA) will be a 
Tangent to the Parabola in the point P; 
and will, with the Axis, make the Angle 
PG F equal to the Angle FA D which is 
jeſs then the given Angle Fa D, which was 
to be done. 


PROP. 


(14) 
PROP VIL 

Suppoſing the ſame things as before; I ſay; 
that the part of the Axis T G com- 
prehended between the extremity T , 
and the point G, where the Tangent 
meets it, is equal to 'T O, the part 
containd between the ſame extremity 
I, and © that point where the Ordi- 
nate P O drawn from P the point of 
Contatt of that Tangent, meets the 
Axis. 


S -ãQuĩ WY HJ WATT 
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By Cor. Prop. 4. the Triangle PGF is an Iſo- 
ſceles, therefore FG is = FP PA (Hen 
the Generation of the Parabola) or D O, be- 
cauſe P O is parallel to A D z and if from the 
equal Lines FG, DO be taken the equal 
Lines FT, DT, the remaining Lines TG, 
TO will be equal, W. W. D. 


COROLLARY. 


If the Tangent TS be drawn thro? the 
point T, and produc'd till it meet the Di- 
ameter API; and if the Line Ti be drawn 
parallel to the Tangent PG; it follows 
that PS and PI are equal, for PS is = 
1 O, and PI TG. 


PR OF. 


1 
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PROP, VIII. 

The ſame things temaining as before, the 
Angle TP L made by the Tangent PL, 
and the Diameter PI drawn thro? P 
the Point of Contact, is equal to the 

Angle FP G contain d between the Tan- 
gent LP G and the Line FP drawn 
from fie Focus F to the Point of Con- 
 tatt P. 


By Cor. Prop. 4. (See Fig. in p. 145 the 
AngleFPG is equal to . Angle GP A 
which is equal to the Angle L PI; where- 
fore the Angle IP L is equal to the Angle 
FPG. W. W. D. 


COROLLARY. 


It is alſo apparent that the Angle LP F 
is equal to G PI, by adding the common 
Angle F PI to the two equal Angles IPL, 
and FP G. 


oy ® 
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( 17) 
PROP. IX. 


If thro* the Point of Contact P, PM 
be drawn perpendicular to the Tan- 
gent, and continu d till it meet the 
Axis in M; IT ſay the Line O M con- 
tain'd between the Foot of the Ordinate 
O, and the Point M, is equal to half 
Parameter of the Axis. 


The Line P G is perpendicular to F A, 
(by Prep. 4.) wherefore AF and PM are 


A 
E ap, * 
: 
P Q 
M 


parallel; but the Triangles AD F and 
POM are equal and ſimilar, by reaſon of 
rhe Parallels PA, D M, and AD, PO; 
wherefore 9 MI is equal to D F, which is 
; C equal 


(18) 


equal + the Parameter by the Definition of the 


Parameter, W. W. D. 


PROP. X. 


In the Parabola T EP, whoſe Axis i; 
TO, draw the Tangent PH to tho 
Point P, meeting the Axis in H, 
and another Tangent, as T B, tothe 
Vertex T meeting another Diameter as 
DP B produced to B; Then will the 
Triangle T AH made by the two Tan. 
gents andthe Axis be equal and ſimilar 
to the Triangle B AP made by the 
ſame T angents, and the Diameter BP 
produced 


Having drawn P O (See Fig. in the twen- 
t eth Page) at right Angles to the Axis, TO 
is = TH 3 (by the ſeventh Prop.) but BP is = 
TO, therefore B P = TH: Theſe Lines BP 
and THare alſo parallel, as likewiſe are B T 
and PO; wherefore the Triangles T A, 
and B A Pare equal and ſimilar, W. W. D. 


COR © L- 


mm T0060: ﬀ IH 2 0. @Þd 


— 3 


(19) 
COROLLARY. 


Having drawn TD parallel to PH, if 
each of the equal Triangles be added to the 
Trapezium TDP A, the Triangle TDB 
will be equal to the Parallelogram TD PH, 
which is equal to the ReQangled Parallelo- 
gram TO PB, becauſe they have equal Baſes 
TO, TH, andare between the ſame Pa- 
rallels ; but the Rectangle TOP B is yet 
farther equal to the Triangle PO HF, by rea- 
ſon of the two equal Triangles A P B and 
ATH, 


C2 PROR 


(20) 


PROP. XI. 


The ſame things being ſuppoſed as before ; 
If two Lines EG and E M be drawn 
through any point of the Parabola «s Þ 
E, parallel to the two Tangents PAH 
and B AT; the Triangle E GM it 

equal to the Rectangle GTB F. 


From the nature of parallel Lines, the Tri- 
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| 
| 
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(21) 
but (by Prop. 1. Cor. 3:)POg, EGq:: TO. 
TG: AndTO.TG:: Rectangle TOPB. 
Rectangle T G FB: therefore (by propor- 


tion of Equality) Triangle P O H. Trian- 


gle EG M:: Rectangle TOP B. Rectan- 
gle T GFB; but the Triangle PO H is e- 
qual to the Rectangle T O P B (by Cor. Prop, 
Precedent; therefore the Triangle EG M is 
equal to the Rectangle TG FB. W. W. D. 

After the ſame manner the Triangle e gM 


| may be demonſtrated equal to the ReQtan- 


gle T gf B. 


PROP. XII. 


Ret aining the ſame Figure (Fig, 7.) the 
TriawgleE VF I is equal to the Paralle- 
logram PTMH. 


It the point E be between P and T, (See 
Fig. in the foregoing Page) the Triangle POH 
(by Cor. Prop. 10.) is equal to the ReQangle 
POTB; from which if you take equal 
things, viz. if from the Triangle POH 
you take the Triangle MEG, and from 
the Rectangle PO T B, the Rectangle 


18 EB equal to the Triangle MEG (by N 


"08 | C 3 Prop. 


I 


*. 
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Prop. 11.) And again, if from each you 
take the Quadrilateral Figure PQ GO, there 
remains the Quadrilateral Figure EQ HM 


equal to the Triangle Q FP ; to each of 


which, if the common Quadrilateral Figure 
PIE @Q be added, theParallelogram PIHM 
will be equal to the TriangleE F I. 

But if the point E be on the other hand 
of the point T with regard to P, the Tri- 
angle A BP (by Prop. 10.) is equal to the 
Triangle AH, (Fig. S. )and adding the com- 


. 


FN 


tity 


mon Figure PIMTA to each of them, the Pa- 
rallelogram PIMH will be equal to the Tra- 


pezium IMTB, from which Trapezium 


if the Rectangle G T B F be taken, and to 
the 


(23) 
the remaining Figure FGMI be added to the 
Triangle & EM which is equal to the Rect- 


angle GTB F; (by Prop.11.) then will the 


Triangle E FI be equal to the Parallelogram 


PIMH. 
Laſtly, If the Point E be on the other ſide 


of Pas ine: The Triangle T AH is equal 


to the Triangle ABP; (by Prop. 10.) and 
if the Figure Tg f P A be added to each, the 
Quadrilateral Figure Hg f Þ, will be equal 
to the Rectangle Ig B, which is equal to 
the Triangle ge M (by the precedent) ; then 
if the common Quadrilateral Figure Mg / 
be taken from the Quadrilateral Figure 
Hg FP, and the Triangle Mg e which is 


equal to it; there remains the Parallelo- 
gram PIM H equal to the Triangle ef I. 
W. W. D. 


C4 PROP 


— 


( 24) 
PROP. XIII. 


from a Point E in the Parabols, 
(Fig, p.20.22.) be drawn the right Lin: 
E e parallel to a Tangent, as P H. 
Then will the right Line Ee meet th: 
Parabola in another point as e; ani 


likewiſe be biſſected in by the Diame. 


ter PI, drawn thro P the Point « 
contact 


If B T be the Tangent, the 1j. part of 
the Prop. is evident from the Generation 
of the Parabola : But if another Tangent be 
drawn as P H; A Tangent (by Prop.6.) may 
be found, which ſhall make an Angle with 
the Axis, leſs then the Angle G H P, and 
on the ſame ſide of the Axis;wherefore this 
Tangent will meet the Tangent PH on one 
ſide of P, and the Tangent T A on the 
other; and the Line E e being Parallel to 
PH, will alſo meet the two Tangents ei- 


ther without the Parabola or upon it, on 
each ſide the Diameter PI, and conſequent- 


ly the Parabola in two Points as E, e, whic 
is the firſt part of the Prop. 


The 


SE, 
The Triangle EFI (by prop. Preced.) is 
equal to the Parallelogram P I MH, which 
is alſo equal to the Triangle ef I, where- 


fore the two Triangles are equal: But they 
are likewiſe ſimilar, by reaſon of the Pa- 


rallel Lines, which form them, therefore 
EI is equal to e I, W. W. D. 


DEFINITION. 


Thoſe Lines are called Ordinates to a Dia- 
meter which are are drawn parallel to a 
Line touching the Parabola in the vertex of 
that Diameter ; as thoſe Lines are Ordi- 
nates to the Axis which are perpendicular 
tO It. 


PRO 


(26) 
PROP. XIV. 


The ſquares of the Ordinates as EI, 
AY belonging to one and the ſame 
Diameter as PI, are to one another, 
as the Parts of this Diameter PI, PX 
compriz'd between the Vertex P, and 


the Points where it meets the Ordinates 
Land V. 


— 


For (the Triangles E F I, and FV being 
ſimilar) the Triangle EFI is to the Triangle 
AFY as the ſquare of El to the ſquare of AY; 


but ( by the precedent Prop.) the Trionght 
E 


(27) 
EF l is equal to the Parallelogram PIM, 
and the Triangle F Y is equal to the pa- 
rallelogram PVM H; and theſe Parallelo- 


grams are to one another as PI to PY; 
wherefore the ſquare of EI is to the ſquare 


of EV, as PI to PV. W. W. D. 

Tis the ſame thing if the Ordinates be 
taken on the other ſide the Diameter as el; 
for they are equal to the Former. ( By 


Prop. 13.) 
Definition of the Parameter. 


The Parameter beldnging to any Diame- 
ter is a third Proportional to any Abſciſſa, 
as PI, and its reſpective Ordinate as I E. 


COROLLARY. 


It is evident that the ſquare of an Ordi- 
nate to any Diameter (as X is an Ordt- 
nate to the Diameter PV) is equal to a 
Rectangle under the Parameter, and PV 
that part of the Diameter which is contain- 
ed between the Vertex P, and Y the Point 
where the Ordinate meets the Diameter. 


PROP, 


(28) 
PROP. XV. 


If a Tangent as EQ be drawn thro the 
point E of a Parabola , meeting any 


Diameter as PQ in 0 and if thro 
the ſame point E FI, be drawn an Or- 


dinaÞe to this Diameter, I ſay P Q. 
and PI are equal. 


Draw the Axn TF, and BTA a Tan- 
gent in the Point T, and PH a Tangent in 
P, which PH wa be parallel to EI, (by 


9 
| — 


A 


N 


L 
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Prop. 


(29) 
Prop. 13.) to which EI let T D be drawn 
parallel, as likewiſe ML, EG, PO paral- 
lel to BA; then (by Cor. 3. Prop. 1.) the 
Square of PO, or BT which is equal to 
it, is to the Square of EG as TO to TG, 
or as their doubles BD to MG. And be- 
cauſe of the parallel Lines, the Shuare of 
BT isto the Square of E G, as the Square 
of BD to the Square of G F; therefore 
the Square of B D is to the Square of GF 
as B D is to MG, and conſequently G F is 
a mean Proportional between BD and 
MG. Inlike manner the Square of B T or 
the Square of LM is to the Square of GE 
as the Square of Q to the Square of MG; 
wherefore theSquare of QL is to theSquare 
of MGas BD to MG; QL therefore is 
a mean proportional between the ſame BD, 
MG; and conſequently G F and QL are 
equal;and if to theſe 2 equal Lines be added 
the equal Lines LB and T G, as likewiſe the 
equal Lines B P and T H,the 2 Summs will 
be equal, that is PQ will be equal to FH 


which is equal to PI from the nature of 
Parallel Lines. W. W. D. 


PROP. 


(30) 
PROP. XVI. 


« Ty the Parabola A FB, whoſe Axis is 
« AF, and any other Diemeter B C; 
« from ine extremity B Dia- 


dec neter BC having draumm r- 


& dinate to the Axis. I ſay the Pa- 
« rameter of the Diameter BC, ex- 
ce ceeds H aramnictty of the Axis AE by 
& Quadruple tie nterceyied Axis A D. 
1 


(31) 

« Having drawn B T touching the Pa. 
« rabola in B, and meeting the Axis in T, 
| « BE perpendicular to the Tangent in 
4B; DF parallel to BE; and AC pa- 
« rallel to BT, which A C will be an Or. 
e dinate to the Diameter B C (by Def. 
Prop. 13. ); and conſequently equal to TB 
4 (and BC = AT fromparallel lines) which 
« is equal to AD; (by Prop. 7.) : But DE is 
equal to the Semiparameter of the Axis 
t (by Prop. 9.) 

& Þet the Right Line P be equal to the 
* Parameter of the A*, and p equal to 
the Parameter of the Diameter BC. 
“ Then (Prop. 1. and Prop. 14. Cer.) AC 9 
«© is to BT, as the Rectangle B C 

* is tothe Rectangle AD equaltoBCxP; 
| © but theſe Rectangles having equal Alti- 
„ tudes are to one another as p to P; 
* And, from the Similarity of Triangles, 
the Square of BT is to the Square of 
B D, as BTto BF; and BT is to BF 
*as ET to ED; But ET is equal to 
* DT, or DA twice taken, together with 
D E, which D E is equal to 3 P; then ET 
is to ED as 2 EI to 2 ED; but 2 ET 
* is equal to 4D AP, and 2 ED P, 
„ there- 


* 
© therefore ET is to E D as 4 DA＋ p 
« is to P, and (and ex Equo) p will be to 
Pas 4DA＋ P is to P, conſequently p 
eis equal to 4D A +P. W. W. D. 


COROLLARY I. 


<« It is evident from this Propoſition that 
* the Parameters of thoſe Diameters which 
& are farther diſtant from the Axis are 
greater then the Parameters of thoſe Di- 
„ ameters which are nearer to it. For the 
* ſquare of B D. is to the ſquare of A C 
* as the Parameter of the Axis. to the Pa- 
rameter of the Diameter B C. 


ROI. VII. 


In the Parabola B A, whoſe Axis is A 
C, draw any Diameter as B D, and 
F B from the Focus F to B, the ex- 
& tremity of the Diameter BD. And 
„ the Right Line F B will be equal to 
& + of the Parameter of that Diame- 
ten | 


« AF 


(33) 
« AEis equal to AF ( by the Conflruttion 
« of the Parabola) which is equal to 4 of 


| 


x ij -, bf 


„the Parameter of the Axis, and by the 
| © laſt Propoſition the Parameter of the Dia- 
| © meter BD exceeds the Parameter of the 
* Axis by 4 times AC; But AE is equal 1 
to + of the Parameter of the Axis 5 an 
* wherefore CE is equal to g of che Dia- A | 
© meter BD; but CE is equal to B. 4 
which is equal to B F; therefore BF i., 

| D equal it 


7 <> 
* g 
— = Li » 


(34) 
&« equal to 3 of the Parameter belonging 
& to the Diameter BD. W. W. D. 


COROLLARY. 


« Hence we have a new and very eaſie 
« way of determining the Parameter of any 
& Diameter, for tis always Quadruple of a 
& Line drawn from the Extremity of that 
ce Diameter to the Focus of the Parabola. 
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ELLIPSIS 


F. upon a Plaid be drawn the right Line 
IT, and biſle&ed 3 in C, and the Points 


and D be taken at equal diſtances 
D from 


8 3 3 
, * - i 
F - WF — 
s 2 1 " _—_— * 
BEES { ; ; 147 


4 the Gener lo of the ELLI PS 18. | 


from C. I ſay as many Points as you pleaſe 
of P, may be found in ſuch an order that 


two Lines PF and P D, drawn from that 
Point P to the two Points F and D, being Þ 
joyn d together will be equal to the Line IT, 
Divide IT any how into two parts, 
and make one of them the Radius of a Cir- 
cle whoſe Centre let be F, and the 
other the Radius of a circle whoſe 4 
Centre let be D, and with theſe Radi 
and upon theſe Centers deſcribe two lar 
Circles, which will interſect one another ter 
in 2 Points as P, P, one of which is above * 
and the other belon che Line II. and 0 


1 


(37) 
equal diſtances from it and the Line POP 
which joins the two Pointy, P, P, will be 
perpendicular to IT, and after the ſame 
manner an infinite anmber of Points may 
be found as P; which was to be done. 


COROL. 


It is evident that A line paſſing gh 
the Points P, P, will paſs thro' I and T, 
and that the Line PT PI will include 
ſpace, and likewiſe that all the Lines as 
POP which are perpendicular to I T and 
terminated by the Curve Line P, P on 
each fide of the Line I T, will be beſſected 
in O by the ſame Line 1 T. 


DE F I N. 
1. The Curve Line PT PI is called an 


| Ellipfes. 


2. The Point C, the Centre of the 
Ellipfis. 

3- The right Line I T, the Tranſverſe 
Axii. 

4+ The right Line N C M, perpendicu- 
lar to I T, paſſing; thro? the Centre, and 
terminated by the Ellipf ps s, is called the 
conf gate Axin, 
5 - 15; The 


- 
— 


* 


38 9 

5. The Points F and D, are called the 

Foct, 
6. Right Lins drawn, from the Points 
in the Elipſi perpendicular to the Axes, 
are called Ordinates te the Axes, as P O is 
an ordinate to the Axis IT. 

7. All the right Lines which paſs thro” 
the Centre C, and are terminated at each 
end by the Elipſi, are called Diameter: 

8. A right Line which meets the "Elipfts 
only in one Point is calld a Tape! . to 
the Elipſi in that Point. 


L EMMA. 


In every Right-angled Triangle ; asFOP, 
the Rectangle made by multiplying PH, 
the Sum of the Hypothenuſe FP, and one 


{) 


| 1 30 
G 3 N D 
wy) \ - &r5 / 1 


tide, as F O, into M their difference, is 
ca to cheſquare of the other ſide P O. 
From 


el 
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From F as a Centre and with the Radivs 
FO, having deſcribed the Circle MOH, 
and drawn PF to H, the ſide PO touches 
the Circle in O, becauſe the Angle at O 
is right; wherefore the Rectangle P M 


multiply d into P H, is equal to the ſquare 
of PO. W. W. D. 


NRO. I. 
The Ellit ſis being formed according to the 
precedent Method. ' he ſquare = any 
Ordinate to the Tranſverſe Axis as 
PO. zs to the Rectangle 10 T ander 
the Parts of the Tranſverſe Axis each 


way from the Ordinate, as the Rectan - 


gle IF I is to the ſquare of I C or 
CT. (Fig. 1.) 


Having prolonged F P to A, make F A e- 
qual to IT and biſſect it in R; from thePoint 
Pas a Center, and with the Radius PD or PA 
equal to it, deſcribe the (See Fig. in Pag. 36) 
Circle A D B, which will meet A F in B, and 
IT in G, if the Points D and O are not 


D 4 coin- 


(400 
coincident; for ſhould they be concident, 
the three points D, O, G wou d coincide, and 
the Circle wou'd touch the Line 1 T in O. 
But ſuppoſing firſt, that the three Points 
D, O, G are not concident; From the Na- 
ture 'of the Circle A D B, the Rectangle 
F Ax FB is equal to the Rectangle FD x 


FG, wherefore FA is to FD as FG to 
FB; ; and their halves FR or CT is to CD, 


as CO is to RP; and by compoſition, CT 
isto CT + CD as COisto CO+RP, 
conſequently CI is to CO as CT + CD 
is to CO+RP; and farther by compo- 
Gin C is to CT + CO (which added 
together are equal to 10) as CT +CD 
(which added together are equal to ID) is to 
CT+CD+CO+RP.:Bu CT+ CD 
+ CO RP or its equal FR +RP+ FC 
+ C © is equal to the Sum of FP and F O, 

wherefore CT is to IO as ID is to FP + OF. 

In like manner, reaſſuming that Propor- 
tion above of CT, to CD as CO to RP, 


and by Diviſion, C is to CT - CD; 


as CO to CO- RP; and conſequently, 


C Nis to CO as CT - Cb is to CO 


RP and farther by Diviſion, C is to CT 


— CO (which is equal 1 as C 5 


649 
CD (which is equal to D T) is to CT — 
CD — CO＋ RP. But CT - CD — 
CO ＋ RP, or its equal FR + RP FC 


— CO, is equal to the Difference of FP 


and FO; wherefore CI is to O Tas DT 
to the Difference of FP and FO. 

Now if the Proportion found above at 
the end of the laſt Section fave one, and 
that which we found laſt be multiply'd one 
into another Antecedent into Antecedent 
and conſequent intò conſequent, we ſhall 
have the Square of CT to the Rectangle 
10 Tas the Rectangle ID T to the Rect- 
angle FP FOxFP FO equal (by 
the preceding Lemma) to the Square of P O. 
W. W. D. | 
If the Points D, G, O coincide, the De- 
monſtration will {till be the ſame, for FG, 
FO, and FD will be equal. Which can- 
not make any Alteration. 


PROP. 
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FLOP. i 


Retaining the ſame Figure; the Rectan- 
gle IDT # equal to the Square of 
CM,which is + of the Conjugate Axis. 


Suppoſe M C be an Ordinate, then (by 
the foreg oing Prop.) the Square of C T is to 
the Rectangle I CT 5. e. the Square of C T, 
as the Rectangle ID T, is to the Square of 
MC. Therefore the Square of MC is e. 
qual to the Rectangle IDT or LF T which 
is equal to It, W. W. D. 


PROP. II. 


Still retaining the ſame F igure. The 
Square of the Conjugate Axis NM, is 
to the $ quare .of the Tranſverſe Axis 
IT, as the Square of P O az Ordinate 
to hs Tranſverſe, to the Rectangle 
[ OT. 


15 


The Square of CT (Prop. 1 ) is to the Reg. 
angle 4 DT which is equal (by the prece- 
ding Prop.) to the Square of CM, as the 

Rectangle 


8 


(43) 


Rectangle 10 T to the Square of PO; 
but the Square of IT is Quadruple the 
Square of CT, and the Square of N M, 
is alſo Quadruple the Square of CM; there- 
fore the Square of IT is to the Square of 


N M as the Rectangle 10 I to the Square 
of PO. W. W. D. 


PROP. IV. 


Still retaining the ſame Figure as above, 
the Square of PQ which is an Ordi. 
nate to the Conjugate Axis, is to the 
Rectangle NQM, as the Square of ,, 
the Tranſverſe Axis IT, isto the 
Square of the Conjugate Axis N M. 


By the 1 and 2 Propoſition,the Square of CT 
is to the Square of CM as the Rectangle 
IOT (which is equal to the SquareofC T 


leſs the Square of CO) is to the Square 


of PO; and by Diviſion the Square of, CT, 
is to the Square of CT leſs the Square of CT 
more the Square of CO; as the Square of 
CM is to the Square of CM — the Square 
of PO, and by the Prececding Propoſiti- 

ON 


(44) 
on, The Square of IT is to the Square 
of NM, as the Square of CO or PQ 
is to the Rectangle NAM, (which is 
equal to the Square of C M leſs the Square 
of PO or CQ. W. W. D. | 


DEFIN. 


A third proportional to the two Axes is 
call'd the Parameter of that Ax# which ſtands 
firſt in the Proportion, thus if the Tranſ- 
verſe Axis IT, be to the Conjugate N M, 
as the Conjugate NM is to a right Line 
YT, this V I is called the Parameter of the 


Tranſverſe; but if NM (See Fig. in Pag. 45. 


be to I T as 1 T to another Line, that Line 
will be the Parameter of the Conjugate. 
2. The Hgure of an Axis, is a Rectangle 
under that Axis and its Parameter, as the 
Figure of the Tranſverſe I T is the Rectan- 


gleITY. 
COROLLARY. 


It is evident, that the Square of one of 
the Axes, is equal to the Figure of the o- 


ther Axis, 
PROP. 


{ 
C 


15 


4 


Po 


5 „ 
Suu has amn 
P R O P. V. 


Sappoſing the Ellipſis conſtructed as above, 
the Square of PO, an Ordinate to 
the Axis I T, is equal to the Rectangle 
OTXV wnder T Y the Parameter 
belonging to this Axis,and OT the part 
compriſed between the Extremity T and 
O, the Point where the Ordinate meets 


the Axis, leſs the Rectangle VX II. 
which is ſimilar, and ſimilary poſited to 


the Rectangle IX (the Figureof I T.) 
The Square of NM (by Prop, 3 and 4.) 


3 
NM * | at] . 


— 1 * 


„„ bY 
| 


\ | 


RT 


| i 71 = 
N — | 
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is to the Square of IT, asP Q7 is to the 
| Boy Rectangle 


wc \ &. o 
Rectangle 10; but by the Property of the 
Parameter, the Square of NM is to the 
Square of II'T,asYTis to IT; and as YT 
is to II ſo alſo is VOtoIO; or rather 
the Rectangle VOT to the Rectangle 1 OT, 
having T O for their common Altitude, 
and (by proportion of Equality) the Square of 
PO is to the Rectangle I OT as the ReQan- 
Je VOTX is to the Rectangle IOT : 
Wherefore the Square of PO is equal to 
the Rectangle OT XV, which is leſs than 
the Rectangle OT VZ by the Rectangle 
VV, which V Y is ſimilar and ſimilarly po- 
ſited to the Figure IV W. W. D. | 


"CF 1 
PROP. VI. is 


All the Blanes as P Rare bed in 
the Center C. 


If it be poſſible for CP to be greater 


than CR, make Cy equal to C R, and ha- 
ing drawn. to the Foci the lines Ey, Dp, 
ER, DR, and E P, D R; the two Trian- 
les CDpand CER will be equal and ſi- 
milar ; as likewiſe will the Triangles 
D Rand CE for CD, CE, and CR, 
p are equal, wherefore ER is equal to 
Dp, and DR to Ey; the Summ therefore 
f Ep, Dp will be equal to IT, for the 
amm of ER, DR is equal to it (from the 
eneration of the Ellipſns) but the ſumm 


of 


| (48) 
of EP, DP is alſo equal to 1 T, therefore | | 
the ſumm Ep, Dy is equal to the Summ of Þ 1 
EP, DP, which is abſurd, Wherefore Þ | 
the Propoſition is true. | 


PROP. VII. 


A right line as 81 being perpendicularto the 
Tranſverſe Axis, and meeting its extre. 
mity I touches the Ellipſis in that Point. 1 


For if $ Ido not touch the Ellipſis in the 


| 
8 
\ 
4 — 
N 
[\ 
| Fon 
| N. 
Point I. only, but meet it in ſome other 
Point as S; having drawn the lines FS, DS, 


to the Foci ; from the Generation, the Lines 


FS and DS added together will be equal I p, 
to 


* 
55 
8 
1 
0 


BI a 
to IT; and becauſe the Triangle FIS 18 
right Angled at I, FS is greater than FI. 
wherefore DS muſt be leſs than TF or Dt 
which is abſurd, for D 8 ſubtends the right 
Angle in the Triangle D! S. "Thereford 
the Prop: is true. | 


* OY 


PROP. Vn. 


The * ame things being ee as in the 
firſt Prop. draw the Line D A and biſ- 
ſect it in E, and then the Line PE wil 
touch the Ellipſis in the Point P. 


if PE do not touch the Ellipſis in the 


Point P, it will meet it in ſome other point 
E ab 


(50) 
6 z by the Generation F p, a D added to. 


gether will be equal to FP and PD added 
together, which is equal to FA; but pDis 
equal to p A, for p E is perpendicular to 
& D, and biſſects it; wherefore F p and PA 
together will be equal to F A which is ab- 
{ Ffurd; for the two ſides of the Triangle 
F p A can never he equal to the other ſide 
F A; therefore the line PE touches the 


Ellipſfis in P. W. W. D. 


(51) 


_PROP.IK 


Is an Elipfic, as 1P T, there cannot te 
drawn above owe Line, as PE; which 


will touch the Ellipſis in the ſame Point 
P. : 


zuppoſe it be otherwiſe, and that the 


Line Ph touch the Ellipfis fat the Point P. 
From the Focus D, having drawn D & per- 
Ipendicular to P, and from the Center F 
and with the Radius F 4 equal to IT, ha- 
ring deſcrib'd the Circle 44 meeting D # 
it a, and having biſſected D g in e, draw 
FF meeting the Ellipſis in any point as p, 
| K 2 then 


(52) 
then draw D p and p e, which, paſſing thro 
e the point of biſſection of the Line D. 
will be perpendicular to Da, for Dp and 
p 4 are equal by the Generation of the Elliy- 
fs , wherefore the line pe will touch the 
Ellipſis (by tbe precedent Propoſition) at the 
point p; but P is alſo perpendicular to 
Da, wherefore P and pe will be parallel 
and the Tangents Ph and pe can never 
meet one another but without the Elli. 
pſis; and the Elipſis, paſles thro the Points 
P, p, wherefore the Line PV parallel to 
pe. will neceſſarily meet the Lines F,; 
and Dp within the Ellipſis; P there. 
fore paſſes within the Ellipſis, and will. no: 
touch it as was ſuppoſed : That Line can- 
not be joyned to the Tangent pe; for ther 
it wou d meet the Ellipſis in two points P/ 
therefore there can be but one Line, which 
ſhall touch an Ellipſis, in the ſame Point, 


8 


Th 


((53 ) 
r P. B O P. X. | 
The ſame things being juppoſed: The, Am 
gies FpP, and Dp e, made by the Tan 
gent pe, and the Lings: pF. and p D. 


drawn from p, the point of Contact 
to the two Foct, are equal. 


r The Seo coke D yo is cen and pe 


dillects the Baſe, wherefore the Angle Dy. 
is equal to the Angle ape; but the Angle 
Fp P, is equal to the Angle ape; there- 
fore F pP, is equal to Dy e. W. W. D. 


4 > 3 , 
1 9? W 1 


the two equal Angles, it b evident, that 


(54) 


it the common Angle F pD be added to! 


the Angle ep F will be equal to the Angle 
DpP. 


PROP. XI, 

Suppoſing ſtill the ſame things, if the Tan. 
gent P E meet the Axis I T in H; 
ſy Co i t CT; CT. CH. 


To the points F, C,H, having drawn FG, 


CR, and HV parallel to DA; FA will 


bebiſlected in R, ſeeing FD is billected in 
C 


I 


zs to DE,as FH to D H; and FH is to DH, 
as FV to VA; wherefore ex equo FP is to 


(53) 
C: From ſimilar Triangles F Fo is to A 
as FG is to A E or its equal D E, and FG 


PA; as FV to VA; and by _—_ 
PA, Ane is equal to twige RP) is 

to PA:: as FV—V A (which is equal 
10 F d) ic t VA; but 2 RP is to FA; as 
their halves viz. RP is to RA; wherefore 
ex ie RP. PA:: RA. VA. By compoſi: 


tion, RP. RP +PA(=RA) : RA. R 


A+VA Sg R. Therefore the Lives RP, 


RA, and R V are continual Proportionals, 


wherefore the Square of R A is equal to 


RPxRV. 
Now from the Nature of the Circle, 


ASDM, as in the firſt Propoſition, which 
meets the TranſverſeI T in D and 8, or in 
the point O only, if O and D coincide ; 
then FD will be to FA as FM to FS; and 
their halves CD. RA :: RP. CO. Bus 
CD. RA :: CH. RV, wherefore ex equo 
CH. RV :: RP. CO, and the Rectangle 
of che Extreams and means being equal, 


CHxCO=RP x RV, but in the pre- 
ceding Article RP RV was demoſtrated 


equal to * Square of R A, which R A is 
E 4 equal 


| ( 56 ) 
/ equal to C I for from the Generation of thy 

l Elin, F A: = 1 T; wherefore CO. C T:: | 
| greg W. W. D. 3-008, 03, 07:7 | 
* ed 1 
EE COROLLARY. 2 


Seeing the Lines C O, CT, CH are in 
continual Proportion, by inverting the Me- 
| thod of the Demonſtration of the firft Ar- 
ticle of this Propoſition, *twill be eaſy to 
demonſtrate, that I O is to OT as IH to, 
HT; for having found that F V. V A: 
FP.P A, 'tis demonſtrable that R'P, R A, 
RV will be in continual proportion. L 
| The Line I H is ſaid to be Farmonically 
divided i in the Points O and T: & 


PROP. 


f 
( 
( 
] 
| 


9 


| ROT. XII. 


The Jan things being. al Ways ape 
If the Tangent P E meet the conjugate 
Axis in V, having drawn PQ as 
Ordinate to this Axis: Iſay C Q. is 15 1 

enen is to CV. 10 


It is evident by. the foregoing Prop. cha 


» 
0 5 
18 _ e 


the Square of CO, is to the Square of 
CT:: as CO, to CH; but (by Prop. 4.) 
COgorQPgq.CTq::C M- CQ? 
Rectangle N QM. CM 9 ; and from ſimilar 
Triangles CO.CH:: VQ. CV, where- 
fore ex equeVQ. CV :; CMQ—CQg. 

©. MG 
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En. By diviſion CV, CV - VQ = 
cQ: ORF Eo my + CC g 
i.e. CV.CQ :: CM: CQ, wherefore 
C M:: Nu, CV. W.W. D. 


PROP. x1tt. 


Is the Ellipſis I PT, the Axis whereof is 
IT, and BT 4 Tangent to it at the 
auen T, and P A another Tangent 
meeting the Tangent B T in A, and the 
Axis in H. If thro P the point of 
Coutact of the Tangent PA, be drawn 
the Diameter CP meeting the Tan- 
gent I B in B. The Triangles T AB 
and I AH ere equal. 


From 


CD 
From the Point T having drawn 
parallel to the Tangent P H. ad PO 
Ordinate to the Axis; from the Notare of 
Parallels, CD. P:: CT. CH. But (by 


Prop. 11.) CT. CH:: CO. CT. And 

COLCT :SECE. wherefore (ex equo) 

CD.CP:: CP. CB, and for the fame 
reaſon, CD. CP :: CO. CJ, in like man- 

ner CP. CB :: C T. CH. Therefore the 

Lines DO, PF, BH will be parallel to 

one anether, and the Triangles PTB and 

P TH, which have a common Baſe upon 

one 


660 
one of the Parallels, and their Altitudes 
terminated by another will be equal to one 
another; from which ſubdu& the common 
Triangle PA I, and the Remainders PAB 
and T A H will be equal. W. W. D. 


COROLLARY. 


It is alſo evident upon the ſame account 
that the Triangles PDT, andPOT are 
equal to one another; and if to theſe be 
added the equal Triangles PTB, P T H, 
the Quadrilateral Figure PO TB will be 
equal to the Quadrilateral Figure PDT H, 
or rather by adding the ſame equal Trian- 
gles to the ſame Triangle PO T, or the 
Triangle PDT, the Quadrilateral Figure 
POTB will be equal to the Triangle 


OP H; or the Quadrilateral Figure PDT H 


equal to the Triangle DT B. It is like. 
wiſe apparent that the Triangle CTB is 
qual to the Triangle C PH, | 


F LY 


GOR- 


3 

GOROLLARY: u.,. 
Having drawn the Tangent Ib; it is e- 
vident that the Triangles PA b, Ia H are 
equal; for 1b is parallel to BT, wherefore 
the Triangles CIb,CT B are ſimilar, and 
(the Side C I in one being equal to the Ho- 
mologous Side C IJ in the other) are equal 
too: therefore the Triangle CI b will be e- 
qual to the Triangle CP. H, which is equal 
to the Triangle CT B, and if to theſe equal 
Triangles be added the common Quadri- 


lateral Figure ICP a, the Triangles Pa b, 


Ta NH will be equal. But it is further e- 
vident, that what has been demonſtrat- 


ed in the Triangles comprehended be- 


tween the Lines CT and CP, may after 
the ſame manner be demonſtrated of thoſe 
comprehended between CI and CR, for 
the Tangent 1n the point R muſt be paral- 
lel to P H touching the Ellipſis in P; for 
the Triangle CP H is equal to the Trian- 
gleCTB which is equal to the Triangle 
C Ib. And ſuppoſing that the Tangent 
in R meet the Axis in þ (which point is 
without the Figure) *twill be eaſy to de- 
monſtrate after the ſame manner as above 

thar 
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that the Triangle CI 6 is equal to the Tri- 
angle C R h,wherefore ex equo the Triangle 
CRb is equal to the Triangle. C H; but 


in theſe equal Triangles the Angle RCI 


is equal to the Angle PCH, and CR one 
of the ſides which comprehends the equal 
Angle is equal to CP of the other (by 
Prop 6.) wherefore the Triangles are ſimi- 
lar, but ſubcontraryly poſited, RS there- 
fore is parallel to PH its Homologons 
Side. 


PROP. 


A AA.z.l A D 


—— — — — —œoↄ A7D—E—Ewm — 


( 63) 
LEMMA. | 


Les there be « Triangle, ar: CTB, whoſe 
| fs CT long rb weed to I, let CI | 
be equal to CT ; from the Points O, | 
G, taken at pleaſure in the fide CT, 1 
drawing OP, G E parallel to TB; || 
} ſay the Reftangle LOT, i to the 1 
Refttamie 1 8 T:: & the Quadrila- 1 
teral Figare O T BP, to the Qandri- 
kareral Figure G TBE. 


cr c Og : Triangle CT B. Tri- 


B 
F 
1 
1 F 


angle COP, and by diviſion CT q— CO. 
CT q :: Triangle CTB — Triangle COP. 
Triangle C TB, after the ſame manner 
CTg.CGgq:: Triangle CTB. Triangle 


GCGF, and by Diviſion cr. C17 — 
C 4:: 


— —  — . — 


HS IR. 
(64) 
CGg9:: Triangle CLB . Triangle CTB — 
: aCGEF; wherefore ex equo C T q— CO, 
CT 4=—CGg:: Triangle CTB Tri- 


angle COP (which is equal to the Qua. ö 
drilateral Figure O IT B P) Triangle CTB 
— Triangle CG F (which is the Quadrila- 
teral Figure G T B F) But CT- CO; 
ll is equal to the Rectangle 10 T, and like- 
| wiſe CTq — CG 9 is equal to the Rectangle 
ll! IGT ſeeing I Tis divided into equal parts 
at the point C; wherefore the Rectangle 
10-T Rectangle 1GT :: Quadrilateral fi 
gure OT BP. Quadrilateral, , _ arb 


Which. was to be proved. RE 


(65) 

| - -. PROP. XIV. 

If 3 anf point E in the Elipſis, be 
draws L F M parallel to the Tangent 

PH, d FEG parallel to the Tan- 

gest BT, I ſ the Triangle E GM 


& equal to the Qeedrilezeral Figure 
GT BE. 


By reaſon of the parallel Lines, che Tri- 


+) 
N 


— 


2 


*. 
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E Gq ; But it is evident by the 3d. Prop. 
that PO 9-E'G 4: Rectangle 10 T. Rec. 
angle IG T; and becauſe I T is divided 
into two equal parts in the Point C, ( 
the Lemma) the Rectangle 10 T. Rean- 
gle TG T:: Qnadrflateral figure OT Bp. 
Quadrilaterat Figure G TB.F, and ee. 
qu de Triangle POM . Triangle E GM.: 
Quadrilateral Figure OTB P: Quad. 
lateral Figure G TB F: but (by Cor. 1, 
Prop. preced,) the Triangle POH se. 
qual to the Quadrilateral Figure OT BP: 
therefore the Triangle E GM is equal to the 
Quadrilateral Figure GT B F. W. W. D. 
If the point E fall in e, See Fig. P. 65, 
it may be demonſtrated, that the Triangle 
e g M ſhall be equal to the Quadrilateral Fi- 
gure gT B/, for e g is ſuppoſed to be an Or- 
dinate to the Axis. And if the point g cut 
the Axis ſomewhere in CI on the other 


ö * ſ hand of C, it may be demonſtrated after the 
„„ ſame manner, that the Triangle eg Mise. 


qual to the Quadrilateral Figure g 1 bf, for 
the ſame demonſtration will ſerve for all, 
onely by conſidering what was ſaid in the 2 


Corol. of the preeeding Prop. 


PRO. 
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ROF. xy. 


| Retaining the frſt Figure in the laſt 
Prop. the Triawle E L For e L 
' #5 equal to the Quadrilateral Figure 
'S LPHM. 


. 1. The Triangle C T B (by Cor. 1. Prop. 
. 13.) is equal to the Triangle CP H, and 
„(Cee Hg. in Pag. 65.) from theſe two equal 
ö Triangles taking the common Quadrilate- 
e ral Figure GG EL, and taking farther 
). from the firſt, the Quadrilateral Figure 
FEGTBE; and from the ſecond, the Tri- 
le angle E. GM equal to that Quadrilateral 
by Figure, (by the precedent Prop.) there re- 
mains the Triangle EL F equal to the Qua- 
it Berilateral Figure I. P HM. W. W. O. 


Fa 2. 


(68) 


2. If the point E be on the other ſide of 
T withregard to P, and the point L fall al- 


| I 
ways upon Cp; from the equal Triangle. ti 
CT B, CP ſubducting the common Tri- g 
angle CM L, and from the firſt re-. 
mainder, taking the Quadrilateral Fi- I 
gure GTB F, and adding the Triangle re 
EG M which is equal to it, we ſhall have f dr 
the Triangle E LF equal to the Quadrila. 
teral Figure L PH M. 3. Buff + 


Ie 
#1] 


re. ITB f ; if the common Quadrilateral Figure 


( 69 ), 


3. But if the point E be in e on the other 
ſide of P with regard to T, (Fig. Prop. 
14.) and the Ordinate eg fall upon C T; 
the Triangle eg M (by Prop. 14.) is a 
to the Qnadrilateral Figure g T Bf, and if 
from theſe equals, the common Figure 
fo GEL be taken, and farther the Trian- 
gle E GM be taken from the firſt, and the 
Quadrilateral Figure G T B F equal to the 
Triangle EG M be taken from the ſecond, 
there remains the Triangle e FL E Fl.; 
but the Triangle EF L from what was de. 
monſtrated above is equal to the Quadrila. 
teral Figure I. PH M, wherefore rhe Tri- 
angle ef L is equal ta LP H M. 


But if in the precedent caſe the point M 
fall upon the Axis between the Center and 
the Vertex T, the Triangle (See Fg. P. 72.) 
M being equal to the Quadrilateral Figure 


Fi· ML be taken from theſe equals, there will 
le remain the Triangle e Lf equal to the Qra. 
avedrilateral Figure LMI B, from which ic 


rila. 
Bu 


F 3 GTL 


1 
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G TBF be taken, and che Triangle EG M 
which is equal to it be added, the Trian 
gle ELF will be equal to the Quadrilate. 
ral Figure LM T B; and conſequently the 
T rianple eL f which is equal to th: 
Triangle E LF is equal to the Quadrila. 
teral Figure L P. H M. 

In the laſt place, if the point : fall upor 
Cl; (ſee g. Pag. 68.) the Triangle aP bi 
equal to the Triangle « | H; ( By Com 2. Pro. 
120. and if from "theſe 2 equal Triangle 
be taken the common Figure aP Leg I= 
and farther from the firſt the Ouadrilaten 
Figure gl bf, and from the ſecond the equal 
Triangle e g M(by Prop. 14.) there remains 
the Triangle e L equal to the Quadrilate- 
ral Figure LP H M. W. W. D. 

For all the other caſes, where the point 
L falls upon C R, the demonſtration will be 
the ſame, as any one will eaſily perceive, 
that conſiders what we have ſaid in Pry 
12. Cor, 2, and it the point L fall in C, the 
point E will be in S or in V, (the line V C5 
being parailel to PH) and then the Trian- 
zle Cf S will be equal to the Triangle 


CPE 


F/B 

— ff 

V, PRA | | 

L 

by M- ; = 
$5.7 

L E 

e 4 


C PH: which 1 think is more then ſufficient 
fo the demonſtration of this Propoſi tion, 


PROP. XVI. 
In an Ellipſis whoſe Axis 35 1 T, all the 


Right lines as Ee parallel to 4 Tan- 


gent as P H, which meets the Axis in 
H, are cut into two equal parts in L, 
by the Diameter R CL drawathro P 
the point of Contact. 


| TEE placed all things as in the for 
| F 4 a mer 


— en OE IACIIE E IN 


—— 


OY 


| 
lt 
i 
| 
ls 
1 


mer Propoſition, it is evident by the ſame 
Propoſition that the Triangles E LF, eLf 
are equal to one another, for each of then 
is equal to the Quadrilateral Figure L PH 
M, and they are alſo ſimilar by reaſon of 
the Parallels that compoſe *tm, wherefort 
EL =e L W. W. D. 


PROP 
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PROP. XVII. 


The ſame things being ſtill ſuppoſed; If 


the Diameter V C S le drann parallel 
ta the Tangent PH; I ſ h VS 
Square .is to RP Square :: ſo is 
E L Square. tothe Rectangle RLP. 


The Triangle C Sf is equal (by Prop. 14.) 


(See Fig. in Pag. 71.) to the Triangle CPH; 


and the Triangle LE F is equal to the Qua- 
drilateral Figure LPH M ; and the Triangles 
CSf,LEF are fimilar ; wherefore they are to 
one another CS. LE; thereforeCSg, 
LEq:: Triangle CPH. Quadrilateral Fi- 
gureLPHM); but becauſe R Pis biſſected 
in C, the Triangle CPH. Quadrilateral 
Figure LP HM::CPgq.ReQtangle RL p 
(by Lemma Prop. 14.) wherefore C Sg. 


 LEg9g::CPg .RectangleR LP; or rather 


CSq.CP4, or their Quadruple V Sq, 
RPg::LEg. Rectangle RLP. 


If the point E be in e, and L fall upon 
C R, prolong : L to E; it may be demon- 


ſtrated 
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ſtrated after the ſame manner, that LE 
Rectangle RLP :: as VS q: :RP9q; but 
(by the precedent Prop. FeL= EL, there- 
fore the Propoſition is true. 


PROP. XVIII. 


Still ſuptofing the ſame things; If the 
right line E e be drawn parallel to the 
Diameter RP, I ſay that Ee is bif- 

ſected in O h the Diameter V S, and 
that the Square of R P is to the 
Square of V S, as the Square of EO 
is to the ReftangleVOS. 


Having drawn EL and e] parallel to V5 
(by the foregoing Propoſition) EL g: 
Rectangle RLP: : e I: Rectangle RIP; 
but EL = el, wherefore the Rectangle 
RLP equal Rectangle RIP, and conſe. 
quently the lines CL, Cl are equal, as al- 
fo EO, e O which are equalto'em ; which 
was the firſt thing propoſed, | 


Secondly, By the preceding Prop. CPq: 
CSq:: CPq—CLgq : = Rectangle 
| RLP 


RLP: LEJ; by diviſion CPH: CP. 
- Rectangle RLP=CLgorEOgq:: 


CSq:CSq—-LEgorCOg : (whichis 
equal to the Rectangle VOS) therefore 
CP:CSq :: or their Quadruples RP : 
VS q:: OE 4: Rectangle VO S. W. W. D. 


COR OL. 
It is evident that the line $ X parallel to 
O E, and drawn thro' S the Extremity of 
Vertex of the Diameter vs touches the 


Elli 


FE p * * —— 
— e3 2 
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Ellipfis in the point 8, which is the Con- 
verſe of the preceding Propoſitions. 


DEFINITIONS. 


1. The Diameters RP, V5, whoſe Pro- 
perties are demonſtrated in the t wo fore- 
going Propoſitions are call'd Conjugate: to 
one another. 


2. The Line E L parallel to one of the 
conjugate Diameters as V S, is called an 
Ordinate to the other conjugate Diameter 
RP, and Reciprocally E O is an Ordinate 
to d 8. 


3. If you make as RP: VS :: VS: 
PM; this third proportional P M is called 

the Parameter of the Diameter RP; and 
after the ſame manner for the Diameter 
VS; from whence it is apparent, that the 
two conjugate Diameters are mean Propor- 
tionals between their Parameters. 


4. The Rectangle contain'd under a Di- 

ameter R and its Parameter PM, as R M, 

is called the Figare of the Diameter R P. 
PROP 


C7) 


PRO P. XIX. 
The Square of EL an Ordinate to the Dia- 
meter RP is equal to the Rectangle PN, 
apply d to the Parameter of this Diame · 
ter, which hath PL for its Altitude, 
and is leſs then the Rectangle LM, by 
the Rectangle N M which is ſimilar toy 
and poſited ſimilar to the Figure RM. 
Zy either of the two foregoing Propoſi- 
_ 


38 
= 


®) 
Je —S 


tions, RPg.VSg9g :: Rectangle R L P 
LX 2: But RP. VS: RP. PM, and 
| RP. 


l 
| 
| 
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RP. PM:: RL. LN; but Rectangle RLP. 
Rectangle NL:: RI. NL; wherefore 


Rectangle RI. P. LE g:: Rectangle R LP, 
Rectangle NL P; the Square of the Or- 
dinate therefore is equal to the Rectangle 
NLP. W. W. D. 


PROP. XX. 


In the Ellippr A DB E, if #moright Lives 
jugate Diameters A B, DE, meeting 
one another in R, à point without the 
Ellipſis ; I ſay, the Rectangle HRI. 

Rectangle FRG :: ABq.DE9, 


* . a. a _ ua a 
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Having drawn FL, G M Ordinates to the 
Diameter E D, they will be parallel toA B; 
(by Prep. 16 or 17. and LFg : OIꝗ:: Rectan- 
gle ELD: Rectangle E O D, (by the ſame 
Prop.) and if the point R be without the 
Ellipſis; by Diviſion LFA - OIY = Re- 
ctangle H RI: OI :: Rectangle EL D — 
Rectangle EO D = Rectangle LO M or 
FRG: EO D. But if the point R be in 
the Ellipſis; by Diviſion Olg — LF or 
ORq= Rectangle HRI: Olq :: Re- 
Qangle EO D — Rectangle E LD = Re- 
Qangle LOM or FRG : Rectangle EO D; 
But Olq: (by Prop. 16, 17.) Rectangle 
EOD:: AB: ED /i, wherefore the 


Rectangle HR I: ReQangleFRG:: AB : 
ED 2. W. W. D. 
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H Y P E R B OL A. 
The Generation of the HYPER B OLA. 


x upon e ** Right Line ITI. Aan 1, 
and biſſected in C, 0 the Points E and 
D be taken at equal Diſt ances from Cin 
the Jane Line renee 4 both nage; you 

6 ST; 
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may find as many points as you pleaſe, as 
P p ſo diſpoſed, that the right Line P F 
ſpall exceed P D by the line I T, or pD 
ſhall exceed p F by the ſame line I T. 


T AK E FP as great as you pleaſe, 
provided it be not leſs then FT, 
and then the difference betwixt FP and 
IT will be always greater or at leaſt e- 
qual to DT; wherefore if the point F be 
made the Cen ter of a Circle, whoſe Radius 
let be FP, and D the Center of another 
Circle, whoſe Radius let be D P, theſe two 
Circles will neceſſarily interſect one ano- 
ther in two Points, as P, on each ſide the 
line IT; or at leaſt will touch one another 
in the point T, in caſe P and T coins 
cide, for then FT and DT will be the 
two Radij; and thus you will find different 
Points as P, if you take the lines F diffe- 
rent from one another: After the ſame 


manner may be found as many Points p 45 
ſhall be deſired. 


COROL. 


It is evident by this Generation, that 
Tight 


( 3) 
right Line which joyns the 2 points Por p, 
the interſections of the two Circles, will 


4 


be perpendicular to F D, and biſſected 
it; wherefore it is evident that the aw 


0 E 


($4) - 
P „y will form a cur ved Lie which \ Wilt 5 pak 
chro ＋, and the points P. ? anorher, Which 


will | Pad thro 1: Moreover | any one 
will” ality ſee, chat the Lines PT P, and 
pIy will not include Space, neither both to- 
gether, nor one alone; and that they en- 
creaſe infinitely, and run off continually 
from the Line I T, and are continued from 
the Point C, one on one ſide, and the 0- 
ther on the other. 


DEFINITIONS” 


t. The curved Lines PT P, pl p, ate 
each of them {ſeparately called an Hyperh:- 
la, and conjoyntly Oppoſite Hyperbola s. 


2. The point C is called the Center of the 
Hyperbola, or of the Oppoſite 6 


3. The right Line IT is called the B. 


terminate Axis. 


4. The right Line NC M, which paſle 
thro the Center C, and is. perpendicular 
to IT, e the N inate Axis. 


= 5. The 


685.05 
5. The Points F and D, the Foci. 


ch 6/ The right Lines as P O, dtawn from 
fe the Points of one 'Hyperbols, or the Oppo- 
nds ſite Hperbola perpendicular to one of their 
0+ ___ are calld Ordinates to ne r Als. | | 
10 WW 1 18111 

ll 75 Al the 1 ght Lines which __ thro' the 
ml Center Care called Diameter, thofe whit ch 
o. meet the Oppoſite Hyperbolas are determin- 


ed; mm oy which don not are e Indetermin. 
a 279 K 1.9 7 


: 
: 
| 
| 


8. A-right Linewhich meets the Hyper 
ne bola but / in. one point, and does not paſs 


Lvichin it, is called a Tangenr to it E In that 
poing. li = + = 


© 
1118 
* 


5; PROP. 3 


The Birerbols bring formed; 7 A ay, that 
the Square of PO an Ordinate to the 
determinate Axis IT, is tothe Rectan- 

fl gfe IOT, asthe Reftangle IFT, or 

ſj TDI which is equal to it, totbe Re- 
Hangle I CT, which is the Square of 
CT. G 3 DraW 


We 


he 
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Draw the Line F P, and prolong it tog; 
ſo that P B may be equal to P Dʒ on Pasa 


Centzr, and with the Radius PD deſcribs 


the Circle BG P, cutting FP in A, and 
IT in D and G: FA will be equal to IT, by 
the Generation, which let be divided into two 
equal parts in R. By reaſon of the Circle 
AD GB, the Rectangle FA FB = the 
Rectangle F D x FG. wherefore FA; FD: 
F G. F B, and conſequently their halves FR 
or CT. CD:: CO. RP; and by Compeſiti- 
on CT. CT + CD;:CO. COR p; 
and alternately CT. CO::CT CP. C o 


＋ RP; and farther by Compaſt ion, CI. 
CT + CO =1 0: :CI + CD =ID.CT 


+ CD =ID'+ CO+RP.; ButCT + 
C D＋ CO + RP, or their Equals F R, 
FC, C O, RP being added together are 
—FP+PO; wherefore CT, NO:: 
ID. FP＋ FO. 

In like manner taking the proportion a- 
bove, C T. CD:: CO. R P. by diviſion, 
CT. CD- C:: CO. RP - CoO, and 
alternately C T. CO :: CD- CT. RE 
— CO; but 8 by Diviſion C T. Co 


Le 


(87) 
= CT (= OT) ::CD— CT (= DT.) RP 
— CO-CD+ CT; But RP—-CO— 
CD+CT, or their equals RP C O— 


FC+FR, are equal to the difference of 
FP and FO; whereforeCT.OT::DT, 


FP — FO. 

If the laſt proportions, in the two pre- 
ceding Sections, be multiply'd into one a- 
nother Antecedents into Antecedents, and 
Conſequents into Conſequents, we ſhall 
have CT 3. Rectangle 10 T:: Rectangle 
I DT. Rectangle FP + FOxFP—FO. 
—=POq (by the Lemma. Prop. 1, Ellipſis) 
W. W. D. 

If the Circle B DA touch II in D, 1. e. if 
the Point O fall upon the point D, which is 
the ſame thing, the Demonſtration will be 
the ſame but ſt ill more ſimple, for by that 
means more different Quantities wou'd be- 
come equal. 

COROL. 
It is evident, that the Squares of the Or- 
dinates to the Axis are to one another as the 


Rettangles contain d under the parts of that 


Axis comprehended between its Extremity, 
4 G 4 and 


(88) 
and the Points where | it t meets thoſe Ordi- 
——nates.”” | /? 15 
a = — 1 A 


"PROP. u. 


Ther rig bt Line Pp 1 1 the 0p- 
© poſite Hyperbold's, parallel to the dete, 
mminate Axis IT, meets the indetermi- 
pate Axis N M ina point as M, which 

| point, M aivides P p into two 5950 
12 Io 


This 3 is ſufficiently evident, 
from the Conſtruct ion 3( See Hg. Pag. 83.) for it 
D be made the Center ofa Circle, and FP 
it's Radius; F the Center of another Circle, 

and DP it's Radius ; the two Circles will in- 
ter ſect one another at the point y, ſo that yo 
being drawn at right Angles to he Axis II, 
will be equal to P O, and . p M will 
= Þ M. | 


DEE INITION. 


If you make as CT q* Rectangle IDT:: 
CT. Tx; the Line T V double of T is 
called 


is 


cy 


3 


7 
— 
* 


called the Parameter of the determinate 


4ni. (WADA And 
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And the Rectangle IV made by the Ax- 
is IT and it's Parameter, is called the Figure 
of that Axis. 


COROL 


It is evident, that the Figure I V is e. 
qual to four times the Rectangle 1D T, for 
putting C T or CI = 2 and DT ==; 
then by the Definition of the Parameter 


| 2427 x LANA x. 
4. 24 x L&M M:: 4. = which 
4 


being doubled, gives 2 =. CES 
Parameter, which multiply'dby 2 a , 
c 
gives — Which is manl- 
— 
feſtly quadruple the Rectangle I D T = 
24 Xx + X X. 


PROP. 


(91) 
PROP III. 


The Square of P O an Ordinate to the de- 
terminate Axis, IT is equal to the Re- 
#Fangle OT XY, apply'dto the Parame- 
ter TV; the Altitude of which Rectan- 
gle is T O, the part contain'd between 
the Extremity T, andthe Foot of the 
Ordinate O; which Rectangle exceeds 
the Rectangle I OZ V by the Rectan- 
gle V ZY X, which is ſimilar and ſi 


milarly poſited tothe Figure. See the 
preceding Fig. 


Rotviming the ſame Fig. C T 3. Rectan- 
gle 1D T:: Rectangle 10 T. PO; but 
by the preceding Cor. Prop. 2.CTg.1DT 

:IT 9. ITV::IT. TV; wherefore «x 
1 T. AV: A ore. 10 107 
but 10 T. 10 T:: IO. VO: : IT. Tv; 
therefore ex £quo Rectangle lIOT.POg::. 
Rectangle 10 T. Rectangle YOT; hp 
conſequently YOT PO V. WO. 


PROP. 
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PROP. IV; 


Il If from any point of one of the oppo ſite. 
'}  Hyperbola's, be drawn the Diameter 
| PC, and continued beyond C, it. will 
'F meet the other of the oppoſite Hyperbo- 
| Its, and likewiſe be biſſetted in C. 


0 Draw P Oan Ordinate to the Axis I T, 


| and make Co = CO; and draw likewiſe the 
| Ordinate o Ron each ſide of the Axis; RO 
i" = Þ O (by Prop, 2.) wherefore R will,paſ 

| thro” the Center, and will but make one 
right Line withP C which was firſt drawn, . 
and will alſo be biſſected in C. W. W. D. 


1 


PROP. 


— — — 
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PROP. v 


A Ms 3 to NY Axis as T X. 
meeting the Hyperbola in the Vertex 7 
touches the Hyperbola in that point. 


| Suppoſe XI do not touch the Hyperbola, 
but meet it in ſome other point as 8, which 
is different from T; (See Fig. Pag. 90.) take 
Td = TO, and then will FA be = IT, and 
$4 SD; but (by the Generation of the Hy- 
perhola) 1T 2s D, or their equals Fd + 
Sd = Fs, 1. e. one fide of the Triangle 
FS d is equal to the Sum of the other two 
ſides F Ad, 8, which is abſurd; therefore 
the perpendicular X I does not meet the 
Hyperbola except in the point T: I ſay 
alſo, that it can never poſlibly paſs 0 
the Hyperbola, tho it be produced ; 

it is evident (from the Generation) that +4 
Hyperbola runs off more and more from 
the indeterminate Axis, which is parallel to 
X T; therefore X T touches the Hyper bo- 
ak in a T; which was to be ſhewn. 


PROP. 


( 94 ) 
PROP. VI. 


Things being put as in the firſt Propoſiti. 
on, and having drawn D A, and biſſet- 
ed it in E; Iſa, the right Line PE 
touches the En perbola at the point P. 


Suppoſe it otherwiſe, and that P E meet 
the Hyperbola in anyother point as p,then(by 
the Generation of the Hyperbola) the difference 
of the Lines F, p D equal to the difference 
of the Lines FP, PD is equal FA; but 
the Hypotheſis P E is perpendicular to A D, 
and is biſſected in E; wherefore pA D; 
therefore the difference of the ſides F p and 
pA is equal to the other ſide F A, which i 
abſurd. But if the right Line E P produced 
beyond P, fall within the Hyperbola, it is 
maniteſt, that the Hyperbola will paſs on 
the other ſide of E P, with regard to the 
Axis IT; therefore having drawn from 
any of it's points as 8, the Lines $ F and 
S,D to the Foci; (by the Generation) the Line 
I T (or F A which is equal to it) + SDis 
2 8Fz but the point S being without the 
Line 


Line EP with regard to the point D, the 
Line S A muſt be leſs then SD, wherefore 
SA+ FA will be leſs than SF, which is 
abſurd, for 2 ſides of any Triangle are al- 
ways greater than the third 5 therefore the 
Pr p. i. true. 


PROP» 


696090 


PROP. VII. 


If the Line P E touch an Hyperbola in P, 
ana if PF and P D be drawn to the 
Foci, the Angle EP E is equal tothe 
Angle DP E. 


On Pas a Center, and with the Radius 
PD (See Fig. Pag. 95. deſcribe the Circle 
D A; the Triangle DP A (by Prop. 6.) 
is Iſoſcelar, and PE biſſects the Baſe ; 
wherefore the Angle D PE = FPE. 
M'. W. D. 


PROP. 


— 
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PROP VviI. 
The ſame things being put as in Prop. 6, 
I ſay, there can be but one Line as PE 


which fhall touch the Hyperbola in the 
Jame point P. 


Let PH alſo touch the Hyperbola in P 
if it be poſſible ; from the Focus D having 
drawn D 4 perpendicular to Ph, and hav- 


E. 
2 


> 


ing deſcribed the Circle 4 a from the Cen. 


ter F, and with the Radius Fd = II, it 
will meet Da in the point 2 ; having biſſect- 


ed Da ine, and having drawn F a produced 
until it meet the Hyperbola in p3 and hav- 
ing joyn'd p D and pe, ap and y D will be 
equal (by the Generation) and p e drawn with- 
u the Iſoſceles Triangle ap D biſſecting the 

H Baſe 
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Baſe D a, will a, perpendicular to D a, 
wherefore it will be parallel to P Y; but 
it touches the Hyperbola inp (by Prop. 6.); 
therefore p e will meet a Line touching the 
Hyperbola in the point T, in ſome point 
without the Hyperbola, ſeeing there are both 
Tangents ; wherefore the parallel P h paſ- 
ſes within the Hyperbola, for the Hyper- 
bola goes from P to p, and the Ordinate to 
the point P, meets P within the Hyperbo- 
la, which is abſurd, for P&H was ſuppoſed 
a Tangent: Therefore there can be drawn 
but one Line as P E, which will touch the 
Hy perbola in the ſamepoint P. W. W. S. 


Definition 


pe ww _ ms ** ns 


| 
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Definition of the Aſ(ſymptotes. 


If the right Line a TA be drawn perpen- 
dicular to the Axis I T, at one of it's Ex- 


8 Fa" 
* * 0 Arn P 


— e 33 
— _ 
© * | 
| ef I * | 

9 


tremities as T, and T Ag be made equal 
to the Rectangle 1D T; having taken T2 
= T A; thro' the Center C and the points 
A, a draw the Lines AC, aC indeter- 
mined both ways from the Center ; theſe 


Lines are called A/ſymptotes to the Hyper- 
bola, or the oppolite Hyperbola's. 


COR OL. 


It is evident that the Aſlymptotes to 
one Hyperbola are alſo Aſſymptotes to the 
other that is oppolite. H2 PROP- 
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PROP. N. 
If the Ordinate of an Hyperbola be prod- 


ced until it meet the A ſ[ymptotes in B 
and G; the Rectangle G B is equal 


to T Ag. (See Fig. P. 99.) 
The Lines T A and O Bare parallel; 


wherefore CT q. TA ?:: COꝗ. OB , and 


C Tg. T A:: COꝶ/ - CT / S Rectan- 
gle 10 T. OP g. and ex £quoCOq.OB9 
:: CO 4. - CT. OP, and alternately 
CO g. CO- CT /:: OB. O 3, and 
by diviſion CO g. CO- CO Y CT 
=CTq::OBg.OBq—OPg, and al- 


ternately C O g. OB /:: C Tg. OB — 
Rectangle O Pq = GP B: but in the firſt 


Propotiſion CO q. OBq::CTq TAgz 


whereforethe Rectangle GPB = TA7. 


W. W. D 


PB OP. 


nl EE ̃ r LT 
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PR OP. X. 


If from ſome point as P in an Hyperbola 


be arawn the right Line Pg parallel to 

the Axis I T, meeting, the two Aſſymp- 

totes imb and g; I ſay, the Rectangle 
g is equal to C T g. 


From the poſition of the Aſſymptotes, b g is 
hiſſeced in O by the Axis CM; and from 
ſimilar Triangles, O B q. (See Fig. in Pag. 99.) 
COq = PO: GOOG Weary a 
and by Diviſion, OBg. OBq—OPg: 

oP 9. 7 — % ; and alternately, and 
by inverſion, O Bq - OP7 ReQangle 
GP B. P- Rectangle g P5:* 

OBg. oPq = COq: but OBg.CO :: 

TAg. C Tq; wherefore ex quo Rectan- 


gle GP B. Rectangle g Pb:: TA. CT 7; 


but Rectangle G PB = TI Ag, (by the laſt 
Prop.) wherefore Rectangle g P b = CT 9. 
WWD 


2 PROF 
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PROP. XI. 


The Hyperbola and it's Aſſymptote ap- 
pro ach continually to one another the far- 
ther both of em are produced, and yet 
will never meet, tho P B, the part of 
the Ordinate contain d between the Hy- 
perbola and it's Aſſymptote , may be 
found ſuch that it ſhall be leſs then any 


Line given. 


The Rectangle G P B is equal to T A 4. 
(by Prop. 9.) (See Fig. in Pag. 99. ); but GB 
encreaſes the farther it is diſtant from C; 
wherefore P B continvally diminiſneth; 
but it can never become equal to nothing, 
for then the Rectangle GP B woud be e- 
qual to nothing, which wou d contradict che 
forementioned Prop. wherefore the Hyper- 
bola and it's Aſſymptote can never meet: 
Then if a Rectangle be made, one of whoſe 
ſides ſhall be leſs than the given Line, 
which Rectangle ſhall be equal to T Aqz 
the Sum of the two ſides of this Rectangle, 
as G B, being apply'd within the Angle 

made 


17 


{ 
{ 
l 
| 
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made by the Aſſumptotes perpendicularly 


to the Axis IT, P the point thatdivides 
the ſides of that ReQangle will be within 
the Hyperbola (by Prop. g.) and conſequent- 
ly PB is leſs than the given Line W. W. D. 


PROP; AM, 


If two points, as Pand A, be taten in an 
Hyperbola, or one point only ineach of 
the Oppoſite Hyperbola's, and thro 
theſe points be drawn two right and pa 
rallel Lines, as P Hand AD termina- 
ted by one of the Aſſymptotes.as C D; 
in like manner, if thro the ſame points 


P, A be drawn two other Lines P F, 


AB parallel to one another, and ter- 


minated at the other Aſſymptote C B; 
T ſay, the Rectangle PHx PF SAD 
XA B. 


Through the points P, and A, having 
drawn the Perpendiculars to the Axis 
EPG, and LAK terminated by the AF. 
[ymptotes in EG, LK; the Triangle; 

4 ""*EPEF 


- — - —_— — - 
ä — — — — — — — 


* . 


EP F and LAB, PG H and KAD are ſimi- 
lar, by reaſan the Lines that compoſe them 
are parallel; wherefore E P. PF :: LA. AB 
and PG. PH AK. AD, wherefore multiply- 
ing theſe two o Proportions into one another, 
Antecedents into Antecedents, and Conſe- 


quent 


(rey) 


quents into Conſequents; there will ariſe 


this Proportion EP x PG. PF PH: LA % 
AK.AB x AD; but the Rectangle EPG 
equals Rectangle LAK; for (by Prop. g.) they 
are equal Squareg of one and the ſame right 
Line wherefore the Rectangle PF x PH 


is equal to the Rectangle AB X A D. 
W. W. D. 


COR OI. 


It is evident that what we have demon- 
ſtrated above for two points only, may be 
demonſtrated in like manner for any num- 
ber of points whatſoever. 


PROP. 
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F-R OP. l. H 


Draw a right Line at pleaſure as PA 
meeting one Hyperbola, or the two Op. IR 
poſite Hyperbola's in the points P and 2 
A, and the Aſſymptotes in F and H, 


and then the parts of thi: Line PE, 
A H, comprehended between the Hyper. Y 1 


bola, or the Oppoſite Hyperbola's , and 
their Aſſymptotes are equal, 


By the preceding Prop, the Rectangle P 


x P His equal to the Rectangle AB x A, 
for the Lines PF, A B, as alſo PH and 
A Dare parallel, being joyn'd in a ſtreighr 

5 Line 
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Line : But the Sums or the Differences of 
HE, D B the ſides of thoſe equal Rectan. 
gles are alſo equal, being they are the ſame 
right Lines; wherefore the ſides of theſe 


Rectangles are alſo equal, vix. P F = A D 
andPH = AB. 


PROP. XIV. 


If aright Line, as F H, touch an Mperbo- 
lain P; Iſa, that it meets the Am- 
ptotes in Fand H, and is biſſected by the 
point of Contact P. 


1. Thro' the point Pdraw EP G an Or- 
dinate to the Axis, and if the Tangent in 
P do not meet the Aſymprores, it will be 
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parallel to one of em, which let be CG # 
it be poſſible. (By Prop. 11.) One may 
find a Line leſs then PG, which being pa- 
rallel to P G, let it be comprehended be- 
tween the Hyperbola and the Aſlymptote; 
this Line (See Hg in the foregoing Pag.) produ- 
ced will neceſſarily meet the Tangent 
F PH paraltel to CG within the Hyperbo- 
la, which is abſurd, for FPH is ſuppoſed 
ro be a Tangent; therefore a Tangent 
meets both the Aſlymprtotes, which is the 
friſt part of the Prop. 


2. If P H be unequal to P F, let it be 
greater if poſſible; having cut off NH = 
FP, draw ep g parallel to EP G; then be- 
cauſe pF —= Hp, and ge parallel to G E, 
pg. PG: : HyS HP, and H p. H P, or their 
equals FP. Fy :: PE. pe, and ex æꝗquo p g. 
P G:: PE. pe; wherefore, PG PE 
pg xpe; and by the Converſe of the gth. 
Prop. the poiat p will be one of the points 
of the Hyperbola; therefore FP H will 
meet the Hyperbola in two points P, p 
contrary to the Hypotheſis, for it is ſuppo- 
ied to be a Tangent. I/herefere the Prop. is 
lite. PROP 


(109 ; 
A 


Thro* the points P, A of an Hyperbol: N 
draw the right Lines F H, B D paral- 


lel to one another, and meeting the Aſ- 
ſymptotes each of em in the points E, H, 


B, D; 1/ay, the Rectangle PF P H 

is onal to the Rectangle A B A Dor 

A Bg, if BD touch the Hyperbola i in 
the point A. 


This Propoſit ion is evident from Prop. 
i2. and 14.3 for the Lines PF, PH, and 


AB, AD are parallel; and if BD be . 


Ta Ne 


” Oe — 


A - _ _— _ , — — 
—— — — — — —— * 
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Tangent in the point A, it is divided by 
the point A into two equal parts (by Prop. 
I4:) 


PROF, AVI: 


F from any point Pof an Hyperboll be 
drawn A right Line parallel to the de. 
terminate Diameter, as CA; I ſq, 
PH meets the Aſſymptotes in F and 
H, and the Rectangle PF&«R PH= 
CA. 


For C A is within the Angle made by the 


on 


C 


* 


Aſſymptotes; therefore it is manifeſt, that 
pH which is parallel to C A, muſt meet the 
Aſſymptotes in F and H: But (by Prop. 12.) 


the Lines A C and P F being parallel, and 
55 meeting 


— — — wy. 


—_— > 
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meeting the Aſſymptote CF; and A C and 
pH being alſo parallel, and meeting the o- 
ther Aſſymptote C, the Rectangle A C 


x AC= ACqis = Rectangle PF Xx P H. 


W. W. D. 


P RO P. XVII. 


If from the points P, A of an Hyperbols 
or Oppoſite Hyperbola's, be drawn P E, 
P H, and A B, AD parallel to it's Af 

| ſymptotes ; the Parallelogram P F C H 


is equal to the Parallelogram A BCD. 


By Prop. 12, the Rectangle PFxPH is 


equal Rectangle AB x AD; wherefore 
PH. 


————————— — 


6 
pH. AD :: AB. pF; but the Angle 
FPH is equal Angle B A D; wherefore the 
Parallelograms C P and CA are equal: 
W. W. D. 


—— — 


p R O P. XVIII. 


If the right Lizes KI, E G touch an 
Hyperbola or Oppoſite Hyperbola's, 1 
ſay, the Triangles K CI andE G C 
comprehended between the T angents and 
the A [ſ[ymptotes are equal. 


4 


Through 


ſed 


n 
Thro' the points of Contact P and A, 


having drawn the Parallels to the Aſſym. 
ptotes A B, A D, and P F, PH (by the prece- 


8 
det Prop.) the Parallelograms CA and C p 


re equal; but becauſe the Tangents are biſ- 
ſected by the points of Contact (by Prop. 


I 14.) 


— — — — aw Sos — bh = 


— —ꝓ — — 
* — — 


| CW) -- 
| PH. AD :: AB. pF; but the Angle 
ü FP H is equal Angle B A D; wherefore the 
1 


— 


Parallelograms CP and C A are equal: h 
| W. W. D. P 
p R O P. XVIII. 
| If the right Lizes KI, E G touch an 
| Hyperbola or Oppoſite Hyperbola's, 1 
| ſay, the Triangles K CI and E GC 
| comprehended between the Tangents and 
the A [ſ[ymptotes are equal. 
| Through 
| de 
+ 
N ar 


ee 
Thro' the points of Contact P and A, 


having drawn the Parallels to the Aſſym. 
ptotes A B, A D, and P F, PH (by tbe prece- 


dent Prop.) the Parallelograms C A and CP 
are equal; but becauſe the Tangents are biſ- 
ſected by the points of Contact (by Prop. 


I 14.) 


— 
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14.) the Parallelogram C P ſhall be 7 the 
Triangle CIK; and the parallelogram CA 
ſhall alſo be; the Triangle CEG; where- 
fore the Triangles are equal. W. W. D. 


PROP. XIX. 


Harigli Line as B T A touch an Hy 
perbola in T, and as many other Line 
as you pleaſe as E F, LI be drawn Pa- 
rallel to this Tangent, and terminated 
in the Hyperbola; I ſay, the Diameter 
OCT araws through ihe point of Con. 
tact T, biſſects the Parallels E F, L1 
in N and H. 


The 


The Tangent BA is biſſected in T (ey 
Prop. 14.) wherefore Ef, LI being produc u | 
to the Aſſymptotes in G, D, M, K; GD 
and MK will alſo be biſſected in the points 
N and H by the Diameter CT; but G F 
ED and ML =IK (byProp. 13) wherefore 
EN h 9 fs HI. W. W. D. 

| I 2 PROP. 


—_—_— — 


——— 


Cn 


PROP. XX. 


If a right Line as AB touch an Hyperbo. 
la in the point T; draw the Diameter 
XCR parallel to the Tangent AB, 
and another Diameter as O CT, þa- 


ſing thro? the point of Contact T ; 1 
fay, that all theſe Parallels as PV, pu 


to the Diameter OT, and terminated 

between the Oppoſite Hyperbola's art 

biſſefted in R andr by the Diameter 

XCR. 

Becauſe A B, which is parallel to X C, 
is biſſected in T, it follows that Q S, and 


Ac 


8 


1 
JS N. 


B 


77 comprehended between the Aſſy m- 
Ptotes, 


* 
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ptotes, and the Parallels to C T will like- 
wiſe be hiſſected in R andy; but PQ = 
SV, andpq =# u; Wherefore PR=RV, 
and y r ru. W. W. D. 


DEFINITIONS. 


1. The Diameters O T, X R whoſe Pro- 
perties we have demonſtrated in the two 
preceding Propoſitions, are called Conjugates 
to one another. (See Fig. Prop. 19. and 20.) 


2, A right Line as E Nparallel to one of 
the Conjugates as X C is called an Ordinate 
to the other O T, and reciprocallyV R is 
an Ordinate to X C. 


P R O P. XXI. 


The Square of E N Ordinate to a de- 
terminate Diameter as O T, 7s to the 
Rectangle ON Xx LN. as A T 7 


is to CT 4 (See Fig. Ea 19. 


From ſimilar Triangles, D N g. TA g:: 
CN. CT 7; and by Diviſion DN / — 
TAq= GED y Prop. 15. (Which is = 

13 EN 9) 


| 
. 
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ENg) stoTAg:: CNq—CTg9(e@ 
qual to the Rectangle ON x TN) CT9; 
wherefore ENI TAg:: ON x TN. 
CFEUED. z 


COR OL- 


It is evident, that the Squares of the 
Ordinates EN, IH to a determinate Dia- 
meter OT, are as the Rectangles O Nx 
TN, OH x TH, made under the parts 
of that Diameter, which are compre- 
hended between its Extremities O and T, 
and N and H the points where the Ordinates 
meet ĩt. | 


DEFINITIONS. 
1. et CA be to TA as T Ais tO, 
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1 of TP; che right Line T p is called 
the Parameter of the determinate Diameter 
UL; 


2. The Rectangle OP contained under 
the determinate Diameter O T and it's 
Parameter is called the Ngure of that Dia- 
meter O T. 


PRO P. XXII. 


The Square of E N an Ordinate to a de- 
terminate Diameter asO T, is equal to 
the Rectangle TM apply'd to the Pa- 
rameter TP, whoſe Altitude is TN 
the Abſciſſa, which Rectang le exceeds 
PN by the Rectangle P M, which is (6. 
milar and ſimilarly poſited to the Figure 
O P. (See Fig. preced. Dehn.) 


By the formation of the Parameter, O T. 
TP:: CT. TA. and (by the precedent 
Prop.) CT. TA9q : : Rectangle ON x 
TN. NE /; but the RetangleON x TN. 
MN x TN: : ON. MN, and ON. MN :: 
OT. T P, and ex <quothe Rectangle O N x 

14 TN. 


— —üä54ẽ — — —— N 
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TN. NE i:: Rectangle ON x T N. MN 
x TN, wherefore the Rectangle MN. 


I N is equal to NE. W. W. D. 


COR OIL. 


If the Parameter T be equal to the Di- 
ameter O T, it follows, from the formati- 
on of the Parameter, that T A will be e. 
qual to C Ti. e. equal 3 the ſame Parame- 
ter. But it is alſo evident (by Prop. 18.) 
that the Triangle A BG is rectangled in 
B, if the Diameter drawn from the Center 
C to the point of Contact A, be equal to 
the Tangent A G, comprehended between 
the point of Contact A, and the Aſſym. 
ptote; for the Triangle CA G will be Iſo- 
ſcelar, and the Baſe C G muſt be biſſectedin 
B, by the Line AB, which 1s parallel to 
the other Aſlymptote C E; wherefore it 
the Aſſymptotes of an Hyperbola interſect 
one another at right Angles, all their Dia- 
meters and Parameters will be equal: And 
if in an Hyperbola a Diameter be equal 
to it's Parameter, all the others will be ſo 
too, and the Aſſymptotes will be at right 
Angles, And moreover it is farther evident, 

that 


„ A AS. £2 2 


%” *®* ww pe 08 
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that an Hyperbola whoſe Aſſymptotes are 
not at right Angles, cannot have any Paga- 
meter equal to it's Diameter. 


PROP. XXIII. 


If in the Oppoſite Hyperbola's , two right 
Lines HI, F G parallel to two Conju- 
gate Diameters AB, O T, meet in 4 
point as R; I ſay, the Rectangle FR G. 
Rectangle HR I:: Diameter O T. 
to it s Parameter, | 


OR 7, a te ys - ———— 
- 


2 — — — 3 


Having drawn FL and GM Ordi nates 

to the Diameter O T, they will be paral 

lel to AB (by the Definition of Conjugate Di. 

| meters) and OT biſſects HI in N (by Prop 
1950 


In 
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In like manner GF is biſſected by the 
Diameter AB; but CO=CT, and ML 
GF; wherefore TL = OM (% Prop, 
21.) LFg. NI q : Rectangle O LT. Re- 
angle ONT; and by Diviſion, if the 
point R be without the Oppoſite Ryperbo- 
las L FA — NI (= Rectangle HR I.) 
js to N1yq:: Rectangle O LT — Rectan- 
gdleON T (=M NLorF K G, for MO 
and T L are cqual) ONT ; therefore the 
Rectangle HR I NIA :: Rectangle FR 

G. Rectangle ONT. | 
Bur if the point R be within one of the 
Oppoſite Hyperbola's, by Diviſion, N I — 
LFq, or G Me, or NRq (LF, GM, 
and NR being all three equal) equal to 
the Rectangle HR L: . Rectangle ONT [ 
— Rectangle OL T (OL T being equal to | 
the Rectangle OM T which is equal Rect- 
angle FRG) is to the Rectangle ON T- | 
But in theſe two caſes, (by Prop. 21.) and the | 
| Definition of the Parameter, Rectangle ON 
ö T. Ny : : Diameter O T. its Parameter; 
wherefore ex £qu3 the Rectangle F RG. HR 
I:: Diameter O T. it's Parameter. W. W. D. 
PROP. 


61349 


ROT. XXIV. 


In an Hyperbola as P T, whoſe Axis is 
| IT, and it's Center C, let H be the 
| point where a Tangent as P H meets the 
Axis, and let PO be e gn Ordinate to the 
Axis paſſing thro? the point of Contact 
P; Day, CH CT::CT.CO 


$ 


Let 


Let the points F, D be the Foci, and | 
from P as a Center; and with the Radius 
PD, having deſcribed the Circle M5 D A, 
and drawa the Line D A; the Tangent P H 
will biſſect D A in E (by Prop. 6.) From the 
points F, C, H, having drawn FG, CR, | 
ang 


*Y 
: 
: 
* 

Y 
— 
4 
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and H V parallel to D A, FA will be biſ- 


ſected in R, becauſe E D is biſſected ia C. 
From ſimilar Triangles, FP. PA:: FG. 


A E, or DE equal to it, and F G. DE 
: FH DH, and F H. DH: : FV. VA; 
conſequently ex æquo F P. PA:: FV. VA; 
by Diviſin, FP — PA F A. P A:: F V 
ASR 2 RV. VA; but F A. 2 RV 
:: as their halves, vis RA RV. and ex e- 
quo R A. PA:: K V. VA; by Compoſition, 
R A. RAT FAS RP: : RV. RV + 
VAS RA; wherefore R A. RP: : RV. 
RA; therefore RA RP RV. 
Now, as in the firſt Propoſition, becauſe 
of the Circle MS D A, FD: FA: : F M. 
FS, and their halves CD. R A:: RP CO; 
But C D. RA :: CH. RV, and ex equo RP 
CO :: CH. RV. and the Rectangles un- 
der the extreams and means being equal, 
CHXxCO is S RP RV; but the Rect. 
angle RP RV was demonſtrated above 
to be equal RA 97 and R A=CT by the 
Conſtruction; wherefore C T@ = CH 0 


C © therefore SFr: 9 7. C CO. Q 
n 


C ORO 


= —— = — — ä — 
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GURLLARY: 
b Since C H. CT::CT. C O by inverting 
dhe Demonſtration of the 1/ Article of 
is Prop. it may be prov'd, that IO. OT 
: J H. H T, and the Line 1 O is ſaid to be 


; | tivided Harmonically ia the points I, O, 
i A H. ; 


— — — — ; 
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| | 


TRE A TISE 
Conich Sellin 


3 — —-— 


PART. IV. 


— 


Ie Deſcriptions of the Conick Sections 


upon 4 Plain. 


| | HE Method of Deſcribing Carve 


Lines upon a Plain, by the continual 
motion of a Point with Machines, is fo ſub- 
ect to errour, that it ought not to be 
wed above once, leaſt its perplexity ſhou'd 
diſcourage the Learner; and 1 am apt to 
:hink there is nothing more Requiſite than 
to 


2 2 — — 
IIS. 


—ͤ— . ̃ ¶ ꝙ ö —— Q — — — 


— - 
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to fin an Infinite number of Points, after 
an eaſy manner, thro' which may be drawn 
the Curve Line deſired ; and as it frequent. 
Iy happens that there is occaſion but for: 
ſmall part of a curve line, ſo there may 
be found ſo great a number of Points, that 
there can be no conſiderable errour in draw. 
ing the Curve through the Points ſo found 
The Deſcriptions of the 3 Conick Sections 
which I have given at the beginning of th, 
Demonſtrations of every one, being pete. 
rally received for the moſt ſimple, when 
the Foci or Axes are known, it wou'd be 
needleſs to ſeek for any other, when thoſe 
things are given, But becauic it often 
happens, that one may have occaſion from 
other data to deſcribe the Sections, for 
inſtance to deſcribe the Parabola having 
given only one of the Diameters, with its 
Parameter, and the Angle the Ordinates 
make with that Diameter. To deſcribe 
the Ellipfis having given 2 conjugate Dia- 
meters; and to deſcribe the Hyperbola ha- 
ving given the Angle made By the Aſſym- 
ptotes and any point in the Curve, or 2 
Diameter, and its Parameter; or in one 

Word, 
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word, to deſcribe any of the 3 Sections, 
having given a Diameter wich one of 
its Ordinates. I have therefore given the 
Deſcriptions of theſe Lines in the caſes 
propoſed. 


PRO B. 1. 


A Diameter of a Conick Section being 
given with an Ordinate to that Dia- 

meter, to find the Parameter; and in 
the Ellipſis to determine its conjugate 
Diameter. 


For the Parabola. 


11 you ſay, as the Intercepted Diameter 
is to the Ordinate, ſo the Ordinate to a 
third Proportional. It is Evident by 


the Definition of the Parameter of a Dia. 


meter in the Parabola that this third Pro- 
portional is the Parameter Sought. 


For the Ellipſis and Hyperbola. 


If you make as the Rectangle under the 
parts of that Diameter, made by the 
K 2 Ren- 


—— kk—’—[— ee — — —2——ů— 
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Rencounter of the Ordinate to this Dia- 
meter, is to the ſquare of that Ordinate, 
ſo is the Diameter to a fourth Propor- 
tional, which fourth Proportional chus 
found will be the Parameter of that Dia. 
meter: And in the Ellipſis having found 
a mean Proportional between the Diame. 
ter, and its Parameter. And having 
drawn thro the Center a line parallel to 
the Ordinate, and equal to the meal 
Proportional found and which is biſſect. 
ed by the Center, we ſhall have the conju- 
gate Diameter to the Diameter propoſed; 
as is evident by the Definition of the Para- 
meter of a Diameter in the Ellipfis and 


Hyperbola, and by Prop. 17. and 18. of the 
Ellipſis. | 


PROB 


— — — — — — 
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PROB. IL 


In an Hyperbola, a determinate Diame- 
ter with its Parameter being given, 
and the Angle which this Diameter 

males with its Ordinates, to deſcribe 


the Aſſymptotes. 


O 
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Let the Diameter given be OT, and the 
Angle ONE, which this diameter makes 
with its Ordinate, thro' the extremity T 
draw AT B parallel to EN; and having 
found AB a mean Proportional between 
the Diameter OT and its Parameter, 
biſlect it in T, and thro' the Center, and 
the Points A and B, produce C A and CB 


on each ſide the Center C. I ſay that CA, 


C B, are the Aſſymptotes of the propoſed 
Hyperbola; as 1: evident by the Genera- 
tion of the Parameter of an Hyperbola. 


FR&OQR. II. 


The Right Line IT D being given for 
the Diameter of a Parabola, and the 
point P for one of its points, together 
with the line C T' touching it at I 
the 5 of that Diameter : Or 

rather the angle D I C = to the An- 
gle the Diameter makes with its Or. 
dinates; To aſcribe the Parabola, 


Thro' the point P having drawn CP pa- 
rallel ro T D, and prolong Ai it downwards 
from 
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from P, take Ci, 52, 23 &c. Equal to 
one another, of what bigneſs you pleaſe, 
ſo you do but begin at the point C where 


CP meets T C; produce T D upwards, 
and ſet off the ſame parts from T, making 


Wt}. 
1 


em thus T I, III, II, III &c. Having drawn 
P l, T i meeting one another in 8, I ſay the 
point S is one ot the points of the Parabo- 

la required. 
Draw 5 B parallel to DT; and from the 
ſimilar Triangles T BS, TC, and IT 8, PiS. 
K 4 BS 
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BS. Ci T I:: TB. TC; Tl. IPT TI 


or Ci CP: : TS. Ti:: TB. T Cwhere. 
fore B S. CP in a duplicate ratio of TB 


to I C; But likewiſe T By: T Co in a 
duplicate ratio of their ſides TB, TC; 
wherefore T By, TCq:: BS. CP, and 
the point P being one of the points of the 
Parabola, It is evident by Cor. 3. Prop 1. of 
the Parabola, that S. will alſo be a point in 
the Parabola required. 

In the ſame manner it may be demonſtra- 
ted that S the rencounter of PII, and T 2, 
and Z that of P III and T 3, and ſo on, will 
be points in the ſame Parabola, and if the 
parts Ci &c. be taken very ſmall you may 
find 3 points very near one another, 


PROB. 
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P R OB IV. 


on 

B 

a | The Right Lines A B, E D, being Li- 
; ven for the conjugate Diameters of 
d an Ellipſis interſecting one another in 
p C: To deſcribe that Ellipſis. 

N 


Thro D the extremity of any one of the | 
Diameters, draw D perpendicular to the | 
other conjugate Diameter A B, and produce | 
it both ways, and upon this line take DQ 
on either ſide of D r CAS AB; 
thro* 


thro the center C, and the point Q, draw 
the line CQ produc'd both ways from C; 
from any point O of the Diameter DE 
having drawn the Right Lines OS parallel 
to C A,and OG parallel to O Q; and upon 
the Center G, and with the Radius G S = 
CA having deſcribed the Ark $ meeting 
OS ins: I ſay the point 8, is one of the 
my of the Ellipſis required. | 


brom 
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From the Similar Triangles CDQ, COG. 
CDq-COq = R$q i: DQg = GSq = CA9.OGgq,But 


O69 = difference of G84 and 804 
for the Triangle G Os is Rectangled in O, 
and after the ſame manner, G0 is = 
difference of the ſquares of C A and CR, 
which are equal to GS and SO; and 
the difference of C Aq and CR is = Re- 
ctangle BRA; for AB is biſlected in C, 
wherefore C D q. RS i:: CA BRA and 
(by Prop. 18.) the Point 8 1s a point of the 
Ellipſis required, and ſo may an infinite 
number of other points be found. 


Another manner of Deſcription for the 
ſame Conſtruction. 


Having drawn C Q as above, and taking 
G ſome point in the Line C Q for a Center, 
and with the Radius GF= <CP, having 
deſcribed the Ark F cutting C in E, and 
having prolong d F G tos, and drawn G8 
— CA3 I fay the point $ is a point in the 
Ellipſis required. 
Thro' 
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Thro' the point G having drawn 18 O 
Parallel toDQP; FG PQ. GL: : DO 
GS. GO; wherefore if $ O be HA, an. 
it will be parallel to CA, and it may be 
demonſtrated as above, that the point S is a 
Point in the Ellipſis ſought. 


If the Lines A B, D E be the Axes. 


If the Lines AB, DE be the Axes, the 
preceding method will ſerve; for it is e- 
vident that the Lines CO. and C D will be 
joy ned, and that Q P will be the d ifference 
in the 1 Fig. and the ſum in the 2 Fig. in the 
preceding Prob. of the 2 Semi- axes; and 
0 that the Points as G ought to be taken upon 
Cb; and the reſt of the conſtruction and 
t demonſtration will be the ſame as before. 


Another manner of Deſcription by the hel p 
of Circle. 


In the preceeding Figure, the Reader 
mult ſupply the Circle, and the 
Lines which are not there; which js 
very eaſy to do. 


If 
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If the quadrant of a Circle be deſcribeq 
with the Radius C A, and having joyned 
AD; if from any point R of the Diameter 
C A you erect a perpendicular and continue 
it to the Circuinference of the Circle, this 
perpendicular will be a mean Proportional 
between BR and RA; and having drawn 
RO parallel to AD, and OS parallel to 
CA, = to the mean Proportional between 
BR, RA. I ſay the point S is in the Ellipſis 
ſought. 

By the Couſtruct ion C D q. SA:: Re- 
Qangle EO D. Rectangle BRA O84; 
wherefore CD g. CA Q or ED g. BA: 
Rectangle EO D. O84 and Ty 18. Prep 


Ell'p. the point S is a point in the Ellipſis 
ſought. 


Note in this ſuppoſition OS CR, are not 
= as in the Figure 


PROBE. 


«* 
= 5 — 
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RO B. v. 


The A ſymprotes CD, CM bring given, 
wilh à point in the Hyperbola, tis re- 
quired to deſcribe the Hyperbola. 


Thro the Point P, draw BPI, EPK, 
EPL at pleaſure, terminated at the Aſſym- 
ptotes; and make BA PI, EGS PK. 


FH PL, I ſay the points A, G, H, are 
in the Hy perbola required; this is evident 
by the 15. of the Hyper bola. 


And 


— — - ̃ — 
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And if thro any of the points found you 
ſtill draw other lines as D M, make MN 
=D A, and it is evident for the ſame rea- 
lon, that the point N js in the Hyper- 
bola. 


— # 
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E RR A T A. 


N the Preface, Page 3. Line 12 and 13. for conconrje, &c. read 
Vertex of the Parabola as the determined Focus. p. 2.1. ult. f. 
PF, r. PP. p. 2b. l. ult. r. POq:EGg. p. 24. l. 8. after of 

r. contact. p. 38. place C at the Centre of the Figure. p. 39. l. 20. 
r. 36. b. 48. place T at che Extremity of the Tranſverſe in the 
Fig, Þ. 53. Bake L an E in the Fg. p. 68, place Cat the Cen. 
tre of the Fig. p. 73. l. ult. f. to I. r. to E. p. 79. J. 5. for DI 
r. OI . Ib. 1. A D r. AB. p. $9. C muit be placed in the 
middle between 1 and T, P muſt be placed where O Z meets the 
Curve, and Þ muſt be made a Y. Ib. I. 2. dele See Flo, Pag. 93, 
p. og. in the Fig. draw the Line D A, and place E at the middle 
of it. p. 109. Fig. place A where B D meets the Curye on that 
fide towards H. p. 123. make Ca G, and Pa B in the Fig. 
p. 127. 1. 18. f. Pag. r. Prop. p. 129. |. 1. f. a part r. baif. 
p. 133. I. 17. alter H RI, r. is to N I/. p. 148. make the up- 

C an O, and that I next B a P in the Fig. p. £50, I. 3. H. 
Joyned r. drawn, I. 151, I. 12 f. GA g r. CA. 
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